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The present paper deals with a continuation of the studies on oxidation- 
reduction indicators'?*4 and their penetration into living plants of 
Valonia, the marine alga which has. been used for most of these experi- 
ments. Previous experiments have dealt with 2-6-dibromo phenol indo- 
phenol and other indicators more negative on the E,-pH scale as drawn 
by Clark.5® The present series deals with indicators lying further toward 
the positive end of this scale. These include 1-naphthol-2-sulphonate 
indophenol, o-chloro phenol indophenol and o-cresol indophenol. The 
dyes were made by and obtained from Dr. W. M. Clark and are of special 
purity.* 

They were dissolved in sea water in concentrations of 0.000048 M, 
0.000097 M, 0.000192 M and 0.000384 M at various pH values. Séren- 
sen’s phosphate buffers were used from pH 5.8 to 8.0 and Clark’s borate 
buffers from pH 8.0 to 9.0. The plants were placed for various lengths 
of time in these solutions at a temperature of 25° + 0.5°C. At intervals 
plants were taken out and the sap expressed. The concentration of the 
dye was measured by comparison with solutions of dye of known con- 
centrations contained in Pyrex tubes of the same size as were used for 
the expressed sap, and its identity was determined by means of spectro- 
photometric analyses. There was neither microscopic nor macroscopic 
evidence of injury, except as noted, nor any curtailment of subsequent 
survival. 

The results were as follows: 

It was found that 1-naphthol-2-sulphonate indophenol does not pene- 
trate into the sap even after 24 hours’ exposure of the plants at any pH 
value from 5.8 to 9.0. This is of interest since the same was found with 
the indigo sulphonates. This suggests that the sulphonate radical may 
be responsible for the lack of penetration of these dyes. 
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The remaining dyes, o-cresol indophenol and o0-chloro phenol indophenol, 
both penetrate into the sap in a colorless form. The expressed sap can 
be shaken up with a trace of oxidizer such as NaOH to oxidize the dye 
back to its blue color so as to permit determinations of its concentration. 
The reduction of these dyes by the protoplasm accords with their position 
in the redox scale, since the more negative 2-6- dibromo phenol indophenol! 
has already been shown to enter the sap in the reduced form. The dyes 
which are negative to the indophenols on Clark’s scale are not reduced 
by Valonia, but either do not penetrate or, like methylene blue** and 
Lauth’s violet, penetrate as such in a colored or oxidized form into the sap. 

O-cresol indophenol and o-chloro phenol indophenol penetrate faster 
from an acid solution than from an alkaline solution. However, with 
any one buffer salt and external dye concentration, the concentration of 
the dye in the sap at equilibrium is independent of the pH of the external 
solution. This is similar to the results obtained with methylene blue? 
in which the equilibrium concentration of dye in the sap was the same at 
all external pH values, although the rate of penetration varied with pH. 

The equilibrium concentration of dye in the sap depends on the nature 
of the buffer salts present. Two different equilibria were established; 
one when phosphate buffers were used, and another when borate buffers 
were used. With the phosphate btiffers, in every case except when the 
highest concentration of dye was used, the concentration of dye in the 
sap at equilibrium was '/, of that of the external solution. In the re- 
maining case it was '/. of that of the external solution, possibly because 
of incipient injury, since the plants did not survive very long when kept 
in this concentration solution for the same period as in the other experi- 
ments. When borate buffers were used, the equilibrium concentration 
in the sap was only '/2 of that found with phosphate buffers. This shows 
definitely that the borate buffers interfere in some way with the penetra- 
tion of these dyes. 

In order to determine the identity of the dye which was found in the 
sap, spectrophotometric analyses were made of the expressed sap after 
the plants had been in the solution of dye for various periods of time. 
In the case of o-cresol indophenol the maximum absorption was at 610 my, 
and in the case of o-chloro phenol indophenol, it was at 625 mu. These 
are the wave-lengths of maximum absorption for pure solutions of the 
dyes themselves at the pH values (>8.6) used for making the spectro- 
photometric determinations.’ 

This is a preliminary paper. Details will be published subsequently. 
Grateful acknowledgment is hereby made to the Bache Fund of the 
NATIONAL ACADEMY OF SCIENCES for a grant which enabled the writer to 
carry on this work and to the Marine Biological Laboratory at Woods 
Hole where the experiments were done. 
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* The writer wishes to thank Dr. W. M. Clark for presentation of these dyes. 

** The penetration of methylene blue as such has been denied by Irwin (J. Gen. 
Physiol., 10,927, 1927), who then stated that it is not methylene blue which penetrates 
Valonia, but a lower homolog of this dye. Since Irwin used an impure sample of 
methylene blue, the writer suggested (3) that among other causes, Irwin’s results were 
due to this factor. In a recent paper (J. Gen. Physiol., 14, 19, 1930) Irwin concludes 
that her results were due to the impurity in the dye which she used. 

1M. M. Brooks, Amer. J. Physiol., 76, No. 2, 360, 1926. 

2M. M. Brooks, Univ. of Calif. Publica. in Zoél., 31, 79, 1927. 

3M. M. Brooks, Protoplasma, 7, No. 1, 46, 1929. 

4M. M. Brooks, Proc. Soc. Exp. Biol. Med., 27, 508, 1930; Protoplasma, 10, 505, 1930. 

5 Clark, W. M., Cohen, B., and Gibbs, H. D., Pub. Health Rpts., 40, No. 14, 649, 1925. 

6 Clark, W. M., The Determination of H-ions, Williams and Wilkins, Baltimore, 
1928, 317 pp. 

7M. M. Brooks. Process of publication. 


THE WORK OF THE KIDNEY IN THE PRODUCTION OF URINE 
By Henry Borsook AND HOWARD M. WINEGARDEN 
KERCKHOFF BIOLOGICAL LABORATORIES, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Read before the Academy September 23, 1930 


The work performed by the kidney in the production of urine appears 
to be more readily susceptible of analysis by means of the laws of thermo- 
dynamics than any other complete function of the animal body. The 
recognition of this possibility, of course, is not new. It has attracted a 
number of investigators whose essays have been collected and reviewed 
by Cushny.! The purpose and method were essentially the same in all 
of these studies: the computation of the theoretical minimum amount 
of work necessary to elaborate a solution such as urine from another such 
as blood. None of these computations was complete; and even in the 
last, made in 1914,? a number of processes were not taken into account, 
viz.: the suppression of ionization of the phosphates, and other weak 
acids by the greater acidity of the urine, and the production of ammonia 
from urea by the kidney. 

In the account presented below of the minimum work necessary for 
the production of the urine, an attempt has been made to appraise the 
factors omitted in previous studies; and an alternative method has been 
employed in the analysis of the work involved in the transport of water. 
It is felt that a clearer understanding of the energetics of water transport 
in the body in general is obtained from the alternative treatment. The 
minimum work has been considered as a quantity equal to the sum of the 
free energy changes. for the transport of each constituent, including water, 
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from blood to urine. It has been assumed, an assumption justifiable on 
practical grounds, that the substances concerned may be considered as 
perfect solutes. 

The analysis of the urine is now so nearly complete, 95 per cent of the 
nitrogen being accounted for, that the total work given in table 2 may be 
taken as the order of magnitude of the total amount of work performed 
by the kidney in 24 hours. The items omitted cannot add more than a 
very small quantity to the present tally. This prediction is permissible 
on account of the form of the equation by which the work is calculated. 

The value obtained for the theoretical minimum amount of work neces- 
sary to produce a solution such as urine from another such as blood is 
quite a small quantity; in view of the total energy used by the kidney, 
it is surprisingly small. Possibly because the difference between the work 
performed and the energy used by the kidney is so large, there has been 
a tendency to evade explicit statement of the obvious conclusion to be 
drawn regarding the efficiency of the kidney considered as a machine. 
The following quotation from Cushny!' is a representative expression of 
this attitude: ‘But even if the concentration of each constituent of the 
plasma and urine were known, and the total work were calculated according 
to these formulas, this would not necessarily indicate the whole energy 
employed in the secretion. For this measures only the energy employed 
in overcoming osmotic resistance, and takes no account of that entailed 
in the transmission of molecules of water and solid through the cells and 
along the tubules. Nor until more is known of the mechanism of secretion 
can even a general estimate be formed of the amount of energy thus used. 
Now if, as one school holds, the secretion of water involves actual work 
on the part of the cell, more energy is required for the production of the 
more abundant fluid, but as it is less concentrated, the work done against 
osmotic resistance is smaller. The total work of the kidney in producing 
a dilute urine may thus be greater or less than when it is more concen- 
trated, according as the energy required to secrete water is greater or less 
than that required to concentrate the solids. On the other hand, if the 
secretion of water does not entail the loss of energy in the kidney, as is 
held by some authorities, an abundant secretion of dilute urine may 
actually involve less work than a scantier flow containing the same amount 
of solids.” 

In the foregoing quotation there is not a clear distinction made between 
the work which the kidney carries out, and the energy it consumes in 
performing this work. In view of this quotation, it may be pointed out, 
that on theoretical grounds no information is required regarding the 
mechanism by which work is effected. The theoretical minimum quan- 
tity of work, which here is equal to the change in free energy, depends 
only on the initial and final states; and water may be considered in exactly 
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the same way as the other constituents of the urine. The uncertainty 
regarding the mode of calculating the work of water transport is due, in 
part, to the employment of the cumbersome concept of osmotic pressure. 

It is also easier, with the concept of free energy change than it is with 
osmotic pressure, to calculate directly the work involved in such processes 
as the suppression of ionization, and the conversion of urea to ammonia. 

Calculations.—The calculation of the work performed in the production 
of urine is based upon the data regarding the composition of the human 
blood and urine given chiefly by Cushny,! Mathews* and Hawk and 
Bergeim.* In table 1 are collected only the items which comprise the 
work of concentration carried out by the kidney. The free energy change, 
— AF, which is equivalent to the work of concentration, is calculated by 
means of the equation 


Coteome 


Carine 


The activity coefficients have been taken as unity, because the correc- 
tions, even if adequate data were available, would be negligible in view 
of the low efficiency of the kidney. The volume of the urine passed in 
24 hours has been taken, for convenience in calculation, as 1000 cc. N 
is the number of mols of any one substance excreted in 24 hours, which 
is here equal to the molar concentration in the urine given in table 1, 
R the gas constant 1.987 calories per degree, and T the absolute tempera- 
ture 310.1°K. 

The values of — AF in table 1 are computed on the basis that a finite 
quantity of urine is produced from an infinite quantity of blood. This 
amount of work may for practical purposes be taken as equal to the work 
involved in the actual process, arterial blood—~>urine + venous blood, 
because the value of — AF is influenced much more by the value of NV 
than by the concentration term. If, for example, we assume that most 
of the urea is concentrated instead of 66.6 times, 300 times, the value of 
— AF changes only from —861 calories to —1171 calories, a negligible 
difference in view of the low efficiency of the kidney. And even this 
difference would be reduced by a corresponding correction in the opposite 
direction for the transport of water under these conditions. Further, as 
Cushny states: ‘The passage of the blood through the kidney does not 
of course completely remove the impurities it contains, because only a 
fraction of the plasma comes into direct contact with the cells, perhaps 
one-fifth or less, and even if the urea, etc., is completely removed from 
this fraction, 80 per cent of that brought by the artery, returns in the renal 
vein.” 

Behre and Benedict® expressed the opinion ‘‘that no results so far avail- 
able offer definite evidence of the existence of creatinine in the blood.” 





— AF = NRT In calories. 
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They believe that there is present in the blood, not creatinine, but a 
“chromogenic’’ substance which is responsible for the color with picric 
acid, by which blood creatinine is estimated. Nevertheless, the kidney 
is able to abstract creatinine from the blood and concentrate it several 
hundred times in the urine, as illustrated in the findings of Rehberg.® 
We have therefore, considered the urinary creatinine as arising from 
creatinine in the blood. 

The simplest method of computing the change in state of the phosphates 
is to calculate from the known total concentrations of phosphate and the 
hydrogen-ion concentrations, in the blood and urine, respectively, the 
concentration of each of the ionic forms; and then by means of the equa- 

p Coteema 
tion — AF = NRT In 

Cusine 
component from blood to urine. The value of N is so small for PO,-~— 
and H;PO,, that these may be ignored and the whole process of concen- 
tration of phosphate with its concomitant suppression of ionization can 
be considered as the transfer from one set of concentrations in the blood 
to another in the urine, of HPO,-~ and H2PO,~ ions. The work in- 
volved here is given in table 1. 

An alternative, longer method of computing separately the work of 
concentration of phosphate and the suppression of its ionization can be 
derived from the following hypothetical process. A quantity of phosphate 
equal to the amount in one liter of urine, is transferred from the blood to 
an infinite quantity of a hypothetical auxiliary solution in which the thermo- 
dynamic environment is the same as in the plasma, except that the total 
concentration of phosphate is the same as in the urine. The free energy 
change for this step, which is the work of concentration, is —27 calories. 
The suppression of ionization is calculated by considering the transfer 
in the form of H;PQ,, of the total amount of phosphate which is in the 
urine, from the concentration of H;PQ, in the auxiliary solution, to its 
concentration in the urine where, under equilibrium conditions, it is 
allowed to ionize. To this must be added the difference in free energy 
for the neutralization by OH ~ ions in the urine, instead of the plasma, of 
the phosphate transported; and the free energy change for the transport 
back to the blood of the water formed in this neutralization. The sum 
of all these free energy changes is only approximately —11 calories. 

In calculating the change in ionization of the phosphate, the hydrogen- 
ion concentration of the plasma was taken as 3.98 X 107°, and of the urine, 
1 X 10~*, the three dissociation constants of phosphoric acid in urine and 
the first and third constants in plasma were calculated from the data of 
Sendroy and Hastings,’ corrections being made for the ionic strengths of 
plasma and urine which were taken as 0.13 and 0.20, respectively; for 
the second dissociation constant of the phosphoric acid in plasma we have 





to compute the work for the transfer of each 
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employed the value chosen by Henderson.’ Accordingly, the values for 
Ki, Ky and K; in the plasma were 1.2 X 107’, 2.3 X 1077 and 1.4 X 
10—!, respectively; and in the urine 1.3 X 10~*, 2.6 X 1077 and 2.2 X 
ig-. 

The free energy change due to the suppression of ionization of the bi- 
carbonate is almost exactly balanced by the value for the free energy of 
neutralization. The free energy change for suppression of dissociation 
and neutralization of the uric acid is similarly negligible. 

In the calculation of the free energy changes for calcium the total energy 
change is so slight that we have neglected such factors as concentrations 
of complex ionic and undissociated forms. 

The work involved in the transport of water from the plasma to the 
urine was calculated in the same way as the other constituents of the 
urine, by the equation 


Notesms 


— AF = NRT a 


» where NV denotes the mol fraction.* 


From the data given by Mathews, and by Hawk and Bergeim we have 
taken the number of mols of solids dissolved in one liter of plasma to be 
0.313, and in the urine 0.765. Mathews, quoting the data of Schmidt, 
gives 1.0312 as the specific gravity of plasma and 901.51 gm. as the weight 
of the water in 1000 gm. plasma. The weight of water in one liter of 
plasma is therefore 929.6 gm.; the number of mols, 51.6; and the mol 
fraction 0.994. A liter of urine such as that postulated in table 1 contains 
36 gm. of solids and is of specific gravity 1.013; the weight of the water 
in one liter is 977 gm.; the number of mols 54.2; and the mol fraction 
0.986. From these values, — AF for the transport of water is 54.2 RT 
In ian = +267 calories. 

We have based our calculations of the free energy change for the am- 
monia in the urine, upon the theory of Benedict and Nash® that the 
urinary ammonia is formed by the kidney from urea; and we have assumed 
that this conversion is carried out with the reacting components at the 
concentrations at which they exist in the blood. We have preferred this 
view to the alternative suggestion of Bliss;'° the methods employed by 
Bliss for the determination of ammonia in the blood"!,'* must, it seems, 
liberate by hydrolysis of the blood proteins, amide nitrogen which is as 
essentially constituent of the proteins as the amino acids, and not, there- 
fore, a factor in the acid-base equilibrium of the body. | 

The values employed for the standard free energies are those given by 
Lewis and Randall:!* and for the solubilities, those in the International 
Critical Tables. 
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Urea  AFog (solid) = —47,280 calories. 
AH (solid) = —78,490 calories. 
AFy9 (solid) = —46,020 calories. 
Solubility at 37°C. = mol fraction 0.311. 
Concentration in plasma = mol fraction 0.000092. 
AF dilution = —5010 calories. 
AF39 (mol fraction 0.000092) = —51,030 calories. 


NH,* AFagg (1.0 M.) = —18,930 calories. 
AH = —31,700 calories. 
AF (1.0 M.) = —18,420 calories. 
AF dilution (to 0.000554 M. in plasma) = —4620 calories. 
AFs19 (0.000554 M.) = —23,040 calories. 


HO AFo93 = — 56,560 calories. 
AH = —68,270 calories. 
AF 3:9 = —56,090 calories. 


H2CO3 AF COz (1 Atm.) = —94,260 calories. 
AH CO, = —94,300 calories. 
AF3:9 COz (1 Atm.) = —94,260 calories. 
AF3:9 COz (40 mm. Hg) = 96,070 calories. 


AF 310 HzCO; (40 mm. Hg) = —152,200 calories. 
H+ AF319 (3.98 X 10-§ M.) = —10,500 calories. 
Therefore for the reaction 
NHe 
C—O + 2H*t + 2H,O——2NH; + H.CO;; 
\NE 


— AF = +7000 calories per mol NH,* formed; from which the free 
energy of formation of 0.0222 mols NH,+ from urea is +155 calories.** 

The value of each of the various forms of work performed by the kidney 
is set out in table 2. The total amounts to —704 gm. calories. This 
figure is of the same order of magnitude as that obtained in previous com- 
putations. This correspondence is due to the fact that the main work 
of the kidney, even when all known factors are taken into account, proves 
to be the work of concentration. 

The processes omitted in table 2 are the free energy changes for the 
synthesis and excretion of 0.003 mols of hippuric acid; and the excretion 
of the unidentified nitrogenous constituents of the urine, comprising less 
than 5 per cent of the total nitrogen. These unknown quantities cannot 
add more than a few hundred calories at the most to the total. This 
prediction can be made because the value of — AF depends mainly upon 
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the value of N, the number of mols transferred; when this quantity is 
small, the value of — AF is small regardless of the magnitude of the con- 
centration change. The total in table 2 of —704 gm. calories represents, 
therefore, practically all the work performed by the kidney in the produc- 
tion of the 24-hour urine. This value is surprisingly small, approximately 
0.7 gm. calories per cc. of urine per day. 


TABLE 1 


THE WorK OF CONCENTRATION PERFORMED BY THE HUMAN KIDNEY IN THE 
PRODUCTION OF THE 24-HouR URINE 


WORE PERFORMED 





CONCENTRATION CONCENTRATION BY THE KIDNEY 
IN PLASMA, IN URINE, — AF 
CONSTITUENT MOLS PER LITER MOLS PER LITER GM. CALORIES 

Nat 0.185 0.152 - ll 
Kt 0.00512 0.0384 — 48 
Ca 0.00224 0.00375 —- 1 
Mgtt 0.00103 0.00247 —- 1 
oe la 0.104 0.166 — 48 
HPO\-~ 0.000807 0.00326 — 3 
H2,PO,- 0.000140 0.0125 — 35 
SO.-~ 0.000312 0.0187 — 47 
HCO; 0.0266 0.00106 2 
Creatinine 0.000089 0.00664 —- 18 
Urea 0.00500 0.333 —861 
Uric acid 0.000238 0.00298 — § 
NH,+ 0.000554 0.0222 — 50 

Total - —1126 

TABLE 2 


THE TOTAL WORK PERFORMED BY THE HUMAN KIDNEY IN THE PRODUCTION OF THE 
24-Hour URINE 





KIND OF WORK PERFORMED QUANTITY OF WORK 
— AF, 
GM. CALORIES 
Concentration —1126 
Transport of water + 267 
Formation of ammonia from urea + 155 
— 704 


The value is so small that we were led to consider the possibility that 
the kidney may perform other functions, in which much more work is 
performed, than in the production of urine. The high concentration of 
enzymes in the kidney, greater than in any other tissue except the liver, 
lends some plausibility to this view. But it seems to be eliminated by 
the observations on the oxygen consumption and heat production of the 
kidney. These point to the conclusion that the kidney carries out the 
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work of elaborating urine with an exceedingly low efficiency, in the neigh- 
borhood of one per cent. This is discussed in detail in the following com- 
munication. 

Summary.—\. The work of the kidney in the excretion of urine is 
analyzed by means of the second law of thermodynamics. 

2. It is shown that the work performed by the normal kidney in man 
in the excretion of urine, is of the order of magnitude of 0.7 gm. calories 
per cc. of urine; or 70 gm. calories per gram of nitrogen excreted. 


* Barcroft employed the following equation for the computation of the work of 
formation of urine: 


work = RT (ay log — (dy — ay) + dy log &* — (bu— by) + ....), 
b 


where a», b,, ... and du, bu, ... represent molecular concentrations of the constitu- 
ents of the blood and urine. The work in the above equation is the minimum work in 
the formation of a liter of-urine. The summarized form of this equation is 


work = RT [= (cu log ) + Zo, — Ze]. 
ob 


Essentially this equation is 
W = —AF+ A(PD), 


where A(PV) = RT(Zc, — Xc.), P here being the osmotic pressure, and V the volume 
of the solution. Barcroft estimated the pressure-volume product change from cal- 
culated osmotic pressures; the quantity obtained represents an approximate computa- 
tion of the work involved in the transport of water from the blood to the urine. Stated 
in summarized form, this equation is somewhat more correct than the expanded form. 
In the expanded form presumably, only those substances in the blood are taken into 
account which are present in the urine. As shown below, the molecular concentrations 
of all the substances in the blood including those absent from the urine, and similarly 
the molecular concentrations of all the substances in the urine including those not in 
the blood, should be included in ce, and =c,, respectively. The second term in the 
summarized form of this equation can be shown to be equivalent to the method of 
calculating the work of the transport of water by the equation 


W = NRT In Poiooa 


urine 


where P represents the vapor pressure of water. 
We are indebted to Professor R. G. Dickinson and to Professor R. C. Tolman for 
this derivation of the relationship between the two equations. 


— AF = NRT In aes, 


urine 


which is an approximation of the rigorous equation 


— AF = NRT In Priood 


urine 


where Pyioog and Purine represent the vapor pressures of water in blood and urine, 
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respectively. The vapor pressure, by Raoult’s law, is proportional to the mol fraction 
of the solvent. 


« Prtooa = K (I — x2 — x} — x? - Ses Me 
and Puts @ K (I — €) — 4) — Be ons. » 


SUR aa ‘ , 
where x7, x,, x, and ees x4, X., represent the mol fractions of the constituents other 


’, in the blood and urine, respectively. 


than water a, b, c, and a’, b’, ¢ 
“. - AF = NRT In (1 — 3x”) — NRT In (1 — 2x"). 


The value of N is the number of mols of water transported and may be designated as 


Ni,0° 
The value of the expression log (1 + x), when x? is less than 1, is x — 1/.x? + x3 — 
Pe In plasma the value of x is 0.007 and in urine 0.015. We may, therefore, 


in both cases, ignore all terms but the first, so that the value of — AF becomes 


NRT dx" — NRT%x’. 
n 
Since by definition the mol fraction is : , where m, and m are very 
i Nm + M2 + mz+..... 
small compared with ;, which we shall take to represent the number of mols of water 
in a liter of solution, therefore, approximately 





"4,0 


where c° is the sum of the concentrations of all the substances dissolved in a liter of 


b 
blood, and ” HO is the number of mols of water in a liter of blood. 
a zc" 
Similarly 2x" = =. 
"4,0 
b 


x Na = M,0 and is approximately equal to "1.0 


90 


. u pee, ° 
+ Ni,0 Zx> = Yc; and 


Ny 


HO zZx* = Ze. 
“. -AF = RTXc* — RTXc’, which, allowing for the conventional difference in 
sign, is the term in the summarized form of Hill’s equation for the transport of water. 
The following is a more rigorous thermodynamic proof. Taking F, f, N, V, P to 
represent respectively partial molal free energy, fugacity, mol fraction, partial molal 
volume, and the applied external pressure, and assuming throughout perfect solutions, 
as is the case in the Barcroft equation— 


oln f 1 

— =o} (1) 
(37 io = 
Fo = RTInf +C; 
“P-F =RT im (2) 


E ad 








~ 
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ln f V : 
(a), er (3) 


f P’ 
A ar fa ln f - [ve P; where P’ 
> id P 


is the pressure that must be applied to the solution in the state where fugacity is f’ to 
change its fugacity to f; 
“. RT In ‘ = V(P’ — P). (4) 
f = E ie by (5) 


where f° is the fugacity of the substance, here water, in the pure state, and is a constant, 


. Inf = nf°+mnN; 
ee Sa ln f = S4 In N + Cr; 
+ oo se 
iis In id ct In N” 5 (6) 
= f N aad 
. F- F’ = RTIng, = RTIn x, = )V (P’ —P). (7) 
V (P’ — P) = RT (2C' — x0), (8) 


where <C is the total molar concentration of the dissolved substances. 
** Tf the mechanism of the formation of ammonia from urea is taken to be that sug- 
gested by Werner,'‘ the reaction may be written as follows: 


/NHa 
C—O —> NH,t + CNO-. 
NH 


Assuming the concentration of the cyanate ion to be of the order of magnitude of 
0.0002 molar, and correcting the standard free energy of the cyanate ion for the change 
in temperature from 25°C. to 37°C., — AF for the reaction in the blood is +600 calories 
per mol of ammonium ion formed. Therefore, for 0.022 mols of ammonium ion the 
free energy change is +13 calories. 

Since the formation of ammonia from urea appears to be a function only of the healthy 
kidney, it is open to question if the free energy change for this reaction, with its positive 
sign, is legitimately considered, as it is here, as work done upon the kidney. 
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THE ENERGY COST OF THE EXCRETION OF URINE 


By Henry BorsooK AND HowarD M. WINEGARDEN 
KERCKHOFF BIOLOGICAL LABORATORIES, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Read before the Academy, September 23, 1930 


It has been shown that the work performed by the normal kidney in 
man in the excretion of urine is of the order of magnitude of 0.7 gram 
calories per cc. of urine; or 70 gram calories per gram of nitrogen excreted. 
It is instructive to compare the quantity of work performed by the kidney 
with the energy consumption of the kidney during the performance of 

_ this work. 

The energy consumption of the kidney has been estimated by a number 
of experimenters and by different methods; and the values obtained are 
all of the same order of magnitude. The concordance of these values 
justifies an estimate of the efficiency of the kidney, i.e., of the ratio of the 
work performed, calculated from the constitution of the urine, to the 
energy used. The efficiency of the kidney, defined in this way, appears, 
even in health, to be about 1-2 per cent. So far as the authors are aware, 
there are no data inconsistent with this low figure. Rather the reverse, 
this association of the thermodynamic work with the observed energy 
consumption of the kidney permits the correlation of a large number of 
facts regarding the behavior of the kidney in health and disease. 

The earliest measurements of oxygen consumption of the kidney are 
those of Barcroft and Brodie!*!*, and of Barcroft and Straub.!” These 
show that the metabolism of the kidney is increased when it is performing 
work, i.e., when it is producing a urine in which the dissolved substances 
are present in greater concentrations than in the plasma. Barcroft and 
Straub found, for example, that the excretion of large quantities of chloride 
in the urine, in concentrations nearly the same as that in the plasma, was 
not accompanied by an increase in the consumption of oxygen; while 
the excretion of sulfate or of urea in the urine, in much greater concen- 
tration than in the plasma, was attended by large increases in the oxygen 
consumption. These results might have been predicted from thermo- 
dynamic theory. The association of increased oxygen consumption only 
with increased work, is strikingly exhibited in the behavior of the kidney 
damaged in various ways, as by caffeine, mercuric chloride, bleeding, or 
dilution of the blood or plasma with saline. Under these conditions the 
oxygen consumption of the kidney was not increased when diuresis was 
induced by sulfate or urea, and at the same time these substances were 
not concentrated in the urine as they were by the undamaged kidney, 
but were passed in nearly the same concentrations as in the plasma. In 
one case a larger quantity of sulfate was excreted at a low concentration, 
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without increased oxygen consumption, than in another where there was 
a large increase in the oxygen consumption, and a high concentration of 
the sulfate in the urine. The observations of Barcroft and Straub have 
been confirmed by Knowlton and Silverman’ and by Bainbridge and 
Evans” (in one case on the isolated kidney). Winfield? found that the 
oxygen consumption of the kidney fell to '/,-'/; of its normal value when 
the urine became isotonic after the intravenous injection of saline. 

The dependence of the concentrating function of the kidney on con- 
comitant oxidations is strikingly illustrated in the effects of cyanide on 
the kidney. Starling and Verney”! observed, after the addition of KCN 
to the circulating blood in a heart-lung-kidney preparation, that the NaCl 
concentration in the urine rose to that in the plasma, i.e., the ‘“‘concen- , 
tration” of water fell to that of the serum, while the concentrations of 
urea and of sulfate fell markedly. On changing the circulating blood to 
one free from KCN, the chloride concentration fell again to a value not 
far from the original level, while the urea and sulfate concentrations rose 
a little, the sulfate more than the urea, toward their former levels. Simi- 
larly the power of the kidney to excrete and concentrate phenol red was 
also markedly reduced after poisoning with cyanide. The observations 
of Marshall and Crane” are essentially the same. These observers found 
that the urine contained approximately the same amount of water chloride, 
and bicarbonate after a period of temporary asphyxia induced by occlusion 
of the renal artery for 20 minutes, but much less urea, phosphate sulfate, 
creatinine and ammonia. 

Three groups of workers claim to have been unable to confirm the 
observations described above. The first apparently contradictory results 
were those obtained by Tamura and Miwa.”* It is not possible to in- 
terpret their results, or to compare them with those of Barcroft and Straub, 
first, because the urine analyses are not given. For example, if the excre- 
tion of urea is markedly reduced during a sulfate diuresis, it is possible 
that in spite of an increased excretion of sulfate, the total work per- 
formed by the kidney may be reduced; or a great change in the urinary 
chloride concentration may change the sign of the free energy term for the 
excretion of water. Tamura and Miwa found, in the rabbit, that diuresis 
induced by sulfate and caffeine, did not increase the oxygen consumption, 
while diuretin and salicylates provoked large increases. The employment 
of different animals by the two groups of experimenters, the rabbit in 
the experiments of Tamura and Miwa, the cat and dog in the experiments 
quoted here performed by Barcroft and Brodie, and Barcroft and Straub, 
is the second condition which prevents a comparison of the results obtained. 
The following typical observations show the distinct differences in function 
between the rabbit kidney on one hand, and the kidney of carnivora or om- 
nivora on the other. After the injection of massive doses, the data of 
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Mayrs* show in the rabbit urea concentrated in the urine to only three 
times its concentration in the plasma, sulfate six times, phosphate four 
to five times and creatinine four times. On the other hand, in the urine 
of the dog, cat or man, urea may be concentrated sixty times, sulfate 
one hundred times, phosphate twenty times, and creatinine one to two 
hundred times the concentration in the blood. The experiments of Frand- 
sen** show that the excretion of ingested sodium chloride or urea is very 
slow in the normal rabbit. Frandsen found in two experiments an average 
increased hourly excretion of only 0.016 and 0.017 gm. of nitrogen, re- 
spectively, in the four-hour period after the ingestion of 0.75 gm. of urea 
in addition to the usual ration. In another experiment in which a rabbit 
received 1.0 gm. of urea 3 hours after the routine meal, there was a uniform 
increased excretion of 0.052 gm. of nitrogen during the next four hours. 
It is possible, therefore, that in spite of the diuresis observed, the amount 
of the injected substances actually excreted in the experiments of Tamura 
and Miwa was not greatly increased. In view of the relatively slight de- 
gree to which substances are concentrated in the urine of the rabbit it 
seems probable, further, that the formation of urine by the rabbit’s kidney 
entails considerably less work than is the case in carnivora or omnivora; 
and accordingly, the experimental error in the detection of differences is 
magnified. 

Recently Hayman and Schmidt** described experiments in whiclf# ‘‘the 
injection of urea, caffeine, sodium sulfate, or certain drugs was not followed 
by any characteristic effect on apparent oxygen metabolism.’”’ Their 
protocols show that in four experiments out of six, caffeine was adminis- 
tered 10-20 minutes before sodium sulfate; here sodium sulfate did not 
elicit any increased consumption of oxygen, even though the flow of urine 
was increased. In one of the remaining experiments, in which the in- 
jection of sulfate was not preceded by caffeine, the protocol gives the 
largest value for oxygen consumption recorded in their experiments. The 
observations of Hayman and Schmidt, therefore, as described in their 
protocols, confirm the observations of Barcroft and Straub, “‘that caffeine 
virtually abolished the specific effect of sodium sulfate,” of increasing the 
oxygen consumption of the kidney. Furthermore the experimental pro- 
cedure:of Hayman and Schmidt was rather drastic. In one experiment 
within a period of two hours after the completion of the operation, there 
were injected 150 cc. blood, 165 cc. saline, 80 mgm. caffeine, 20 cc. of 20 
per cent sodium sulfate, pituitrin, adrenalin, and morphine. For this 
reason it is difficult to interpret the observations of Hayman and Schmidt. 
Hardly enough time, it seems, was allowed for the effect of one of the 
injected substances to manifest itself, before another was injected; much 
longer time was allowed in the experiments of Barcroft and Straub. In 
addition the data of the urine analyses are not given. 
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Fee** (1929), using a heart-lung-kidney preparation, obtained results 
which were taken to confirm the negative results reported by Hayman and 
Schmidt. Fee’s statement is that ‘‘the actual excretion of large amounts 
of sulfate by the kidney is not attended with an increase in the renal 
oxygen consumption unless there is a concomitant increase in renal blood 
flow.’’ It is questionable if the results of experiments on a heart-lung- 
kidney preparation may be compared with those obtained by Barcroft 
and Straub with the kidney im situ. Starling and Verney, and Fee and 
Hemingway”’ found that the urine from the heart-lung-kidney preparation 
is hypotonic, while the healthy mammalian kidney in situ, of course, 
excretes hypertonic urine. The production of either hypertonic or hypo- 
tonic urine is attended with an increased oxygen consumption; when 
the hypotonicity is reduced in the isolated kidney, by pituitrin for example, 
the oxygen consumption is also decreased. It is possible that the in- 
jection of sulfate under these conditions has the same effect as pituitrin, 
i.e., increases the concentration of salt in the hypotonic urine, rendering 
it more nearly isotonic, and thereby reduces the work and the oxygen 
consumption of the kidney. It is difficult to obtain a clear interpretation 
of the results reported by Fee, because the analyses of the urine, in detail 
are not given. The analysis of the work of secretion of hypotonic urine, 
below, shows that under the conditions of this experiment the result to 
be expected of an increased concentration of sulfate, from thermodynamic 
considerations, may be a reduced rather than an increased consumption 
of oxygen, due to a large decrease in the work of excretion of water. The 
results as given, therefore, may be taken to confirm, rather than to dis- 
agree with the hypothesis that increased work by the kidney is attended 
by a demonstrably increased consumption of oxygen. It is not certain, 
moreover, that the kidney in these experiments was in a ‘‘normal’’ state; 
the experiment reported in detail “was terminated by oedema” within 
less than an hour after the injection of the sulfate. More weight may 
therefore be placed on the observations on the effects of cyanide by Starling 
and Verney on the same kidney preparation as used by Fee. 

Further confirmation of this hypothesis, that work of concentration 
entails increased metabolism in the kidney, is contained in the observation 
by Barcroft and Brodie of a large increase in renal oxygen consumption 
during phlorhizin glycosuria. In phlorhizin glycosuria the concentration 
of sugar in the urine may become very high, one hundred times that in 
the plasma; while the total nitrogen, urea, phosphates, and chlorides 
show no significant change. The observation of an increased oxygen 
consumption when sugar is excreted in highly concentrated solution is 
significant here, because the severely damaged kidney excretes approxi- 
mately an isotonic urine, containing sugar in the same concentration as in 
the plasma; and its oxygen consumption is markedly reduced.** 
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The production of hypotonic urine, can be shown by the same method 
as that employed in the previous communication to entail work on the 
part of the kidney; and may, therefore, be expected to be attended by 
an increased consumption of oxygen. Only the excretion of a strictly 
isotonic urine, intermediate between the extremes of hyper- and hypo- 
tonicity, entails no work by the kidney. This can be illustrated by as- 
suming an extreme case, a “urine’’ consisting only of a 1 per cent solution 
of urea; in which the mol fraction of water, therefore, is approximately 
0.997. The free energy change for the transport of the water in a liter 
of such “urine” is now negative instead of positive, amounting to about 
-100 calories; -—AF for urea is —430 calories. The total of —530 calories 
is of the same order of magnitude as the total free energy for the pro- 
duction of one liter of average hypertonic urine. This is due to the fact 
that a relatively large quantity of water is transported from a lower con- 
centration in the plasma to a higher concentration in the urine. Further, 
the conditions under which such a urine is produced are usually those of 
diuresis so that the value of N for water especially is greatly increased, 
with the result that the work of the kidney per unit time is quite large. 
The tonicity of the urine depends mainly upon the sodium chloride and 
the urea; when the urea excretion is constant and its concentration in 
the urine is less than the total molecular concentration of the plasma, the 
concentration of sodium chloride as a rule determines whether or not 
work is done in the transport of water from the plasma to the urine. When 
the chloride concentration is low, so that the mol fraction of water in the 
urine is greater than in the plasma, the kidney performs work in trans- 
porting water from plasma to urine. On the other hand, when the con- 
centration of chloride in the urine is greater than in the plasma, so that 
the mol fraction of water is less in the urine than in the plasma, water is 
“diluted” in passing from plasma to urine, and —AF becomes positive 
for the transport of water, i.e., the kidney ‘‘gains’” work. 

The physiological evidence bearing upon this aspect of renal function, 
the work of secretion of hypotonic urine, is not abundant; but as far as 
it goes it is completely confirmatory of the above thermodynamic pre- 
dictions. The urine of the frog is always hypotonic to the plasma; and 
the concentration of nitrogen is practically the same as the non-protein 
nitrogen in the blood.*® When the frog’s kidney is poisoned with caffeine, 
or corrosive sublimate, the concentration of salts in the urine approximates 
that in Ringer’s solution. After the administration of cyanide “the fluid 
issuing from the ureter comes to resemble the glomerular filtrate, sugar 
tends to appear in the urine, the chloride is less reduced than usual, potas- 
sium and calcium tend to approach the concentration of the perfusing 
fluid, and urea is no longer concentrated.”! Narcotics, which Keilin®® 
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recently has shown are selective poisons for one type of widely distributed 
oxidation mechanism, have the same effect as cyanide. 

The isolated mammalian kidney, perfused by the heart-lung preparation 
as mentioned above, resembles a frog’s kidney in that the urine secreted 
is hypotonic with respect to salts, although urea and sulfate are con- 
centrated to a considerable extent. Starling and Verney found that this 
kidney after being poisoned with cyanide passed a urine which was isotonic 
with respect to the serum in every detail. Similarly, Fee and Hemingway 
working with the same heart-lung-kidney preparation found that the 
oxygen consumption increased as the urine contained less and less chloride. 
The significance of this observation is augmented by the fact that the 
oxygen consumption of the damaged or diseased kidney is less than nor- 
mal.!73%40 When pitruitrin was added to the perfusing fluid in the 
experiments of Fee and Hemingway”’ the chloride concentration rose, and 
at the same time the oxygen consumption became less. 

The evidence, therefore, seems clear that the performance of what 
may be called thermodynamic work by the kidney involves an expenditure 
of energy which is derived from oxidations within the renal cells. It is 
instructive, therefore, to compare the work performed by the kidney 
with the energy used, i.e., to determine the “‘efficiency”’ of the kidney. 

The discussion of the relationship between the work performed and the 
energy used by the kidney is facilitated by the following explicit definition 
of the terms employed and the assumptions made.* 


W = Minimum work necessary to produce 1000 cc. urine from infinite 
quantity of blood of character entering kidney. 
W, = Minimum work necessary to produce 1000 cc. urine + venous 


blood from the actual quantity of blood. 
W, =~ W. The justification for this assumption has been discussed 
in the previous communication. 


Q = Heat of combustion of fuel burned while 1000 cc. urine are 
excreted. 
Q; = Maximum work available from this combustion. In a previous 


communication** it was shown that the free energy of combustion 
of fat and of glucose in the body was, in each case, nearly equal 
to the heat of combustion. No data are available regarding the 
free energy of combustion of the proteins. But is probable 
that no error is involved in assuming that Q, ~ Q. 

Qm = Heat of combustion of fuel used in maintaining the kidney alive 
for the length of time necessary to produce 1000 cc. of urine 
but not connected with the production of urine. 

Qiso = Additional heat of combustion required to produce 1000 cc. 
urine of such character that Wi ~ W = 0. For practical 
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purposes this may be taken to represent the additional heat pro- 
duced by the kidney in the formation of 1000 cc. isotonic urine. 


The efficiency, E, is a conventional term, which may be defined in a 


W AW 
number of ways. Three possibilities are: E = 0 E’ = AQ” where 


A is the change accompanying any change in the blood and urine; and 
W 


E’ = 





- It is obvious that only E’ may be expected t 
Q rat (Qm + Qiso) y J ad . 


show any degree of constancy with variation in the amount of work per- 
formed, i.e., with large variations of AW. 

The values for the rate of metabolism of the kidney determined by a 
number of different methods are remarkably concordant: Barcroft and 
Brodie, and Barcroft and Straub observed rates of oxygen consumption 
per gram of “‘resting’’ kidney per minute, ranging from 0.008 to 0.075 cc. 
in the dog, from 0.03 to 0.12 cc. in the cat, and from 0.046 to 0.13 cc. in 
the rabbit. Fee and Hemingway obtained similar values for the isolated 
kidney (presumably of the dog) of 0.03 to 0.2 cc. per gram per minute. 
The term “‘resting’’ value, is to some extent a misnomer here, because 
the kidney even at rest is producing urine; and it is possible that the 
bulk of the urine excreted in a day is elaborated by the ‘‘resting’’ kidney 
i.e., not in a state of diuresis. For the purpose of estimating the order of 
magnitude of renal efficiency in man, we have taken as an average value 
for the rate of oxygen consumption of the kidney over 24 hours the rela- 
tively low figure of 0.03 cc. per gram per minute; and an average weight 
for the human kidney of 150 grams.*® On this basis the renal oxygen 
consumption in man in 24 hours is of the order of magnitude of 13 liters. 
Assuming an R. Q. of 0.80, the caloric equivalent of this quantity of oxygen 
is 62 kg. calories.*! Since the total work performed by the kidney as 
set out in table 2 of the previous communication is 704 gram calories, 
the “efficiency” of the kidney, i.e., W/Q, is approximately 1 per cent. 
Barcroft and Brodie calculated from their experiments ratios of work 
performed to energy consumed during periods of diuresis, i.e., AW/ AQ, 
and obtained values for urea excretion of 1.75 and 0.14 per cent; it 
should be mentioned that, because these values for renal efficiency are so 
low, Barcroft and Brodie hesitated to accept them as correct. Neverthe- 
less, as pointed out before, the total of 704 gram calories represents prob- 
ably all but a negligible quantity of the work performed by the kidney, 
and the values employed for oxygen consumption are low rather than 
high. During diuresis Barcroft and Brodie found that the oxygen con- 
sumption of the kidney may be relatively 5-10 times greater than the 
oxygen consumption of the body as a whole. 

Janssen and Rein* recently attempted to determine the metabolism 
of the kidney by measuring the difference in temperature between the 








20 PHYSIOLOGY: BORSOOK AND WINEGARDEN Proc.N.A.S. 


arterial and venous blood. They obtained values for the metabolism of 
the kidney of a similar order of magnitude as those above. 

In view of these low calculated values of renal efficiency, it was desirable 
to obtain, if possible, some estimate of renal efficiency in man. A number 
of such experiments are on record in the literature; but the results given 
are so discordant that it was decided to carry out the experiments again. 

The experiments described below were performed on young men. 
These came into the hospital immediately after the evening meal, between 
7 and 8 P.M., on the night before the experiment. From then until the 
end of the experiment at 11-12 A.M. of the next day, they remained in 
bed and received no food or drink, except the urea solution or water as 
indicated in table 1. The subjects voided during the night, the following 
morning on waking, and then during the experiment at the times indicated. 
The metabolism was determined by measuring the oxygen consumption 
over a period of five or six minutes by means of the McKesson ‘‘Metab- 
olor.” In order to accustom the subjects to the procedure of determining 
the metabolic rate, a number of determinations were made, after the 
subject was in bed the night before. The practice during the experiment 
was to obtain, at intervals of one-half hour, three consecutive values for 
the metabolism before administering the urea.solution or water; and 
then for four or six half-hourly intervals afterward. Urine was collected 
immediately after each estimation of the metabolism. The subjects 
experienced no discomfort, and only brief transient sensations of any sort 
after the ingestion of the urea. In order to minimize the effects of water 
per se, the urea was given in very concentrated solution. Since, according 
to Dubois* it is not possible to maintain a human subject in a steady basal 
state for more than a few hours, the experiments as a rule began at 8:00 
A.M., and all values for the metabolism taken after 12:00 noon have not 
been used. The urea solution was warmed to 37°C. before it was given 
to the subject to drink. Chlorides were determined by the Volhard- 
Arnold method,‘ urea, with the use of urease. 

The results obtained are summarized in table 1. They show an une- 
quivocal rise in metabolism accompanying increased excretion of urea. 
The calculated values given in the last column of table 1 indicate the low 
order of magnitude of AW/AQ. This ratio is a better measure of the 
working efficiency of the kidney than either of the other two efficiency 
ratios. The fact that the value of this ratio is of the same order of mag- 
nitude as W/Q and W/ AQ obtained from estimations of the oxygen con- 
sumption of the isolated kidney, indicates that the sum of Q,, and Q;j;0 
probably is small compared with the additional energy expended in the 
performance of work by the kidney. This is substantiated by the findings 
of Winfield, and by the oxygen consumption of the poisoned as compared 
with the unpoisoned kidney. 














VoL. 17, 1931 PHYSIOLOGY: BORSOOK AND WINEGARDEN 21 


The data are not sufficiently comprehensive, however, to throw any 
light on the problem of the variation of the value of the ratio AW/AQ 
with the quantity of work performed. It seems probable that this quotient 
is not a constant, but that it will vary with the amount of work performed 
and with the condition of the kidney, and of the animal as a whole. On 
the other hand, the value of two per cent for AW/ AQ seems to be a maxi- 
mal rather than a minimal value. 

It is obvious that the explanation for the low efficiency of renal function 
is to be sought in the mechanism of the production of urine. It is possible 
that the reabsorption of large quantities of water, according to Rehberg 


_ several hundred times the volume of the urine, with the corresponding 


amounts of sodium chloride and sugar, may be the process which incurs 
a large expenditure of energy by the kidney, and for which there is nothing 
to show in the urine. Nevertheless, the figures computed for the work of 
reabsorption of even 200 liters of water, with the corresponding amount 
of electrolytes and sugar, during the formation of 1000 cc. of urine, cal- 
culated as in table 1 in the previous communication, amount to only a 
few per cent of the energy used. It would appear that the work of such 
a hypothetical reabsorption is performed with a low efficiency similar to 
that obtained for the final formation of urine. 

A low mechanical efficiency appears to be characteristic of glandular 
function. For example, the data quoted in Bayliss*’ give 1.5 mg. sugar, 
or six gram calories, as the amount of energy consumed in the secretion 
of one cc. of saliva, and the calculated work for the formation of saliva 
from blood is much less than that for urine. 

These are not the first observations of an increase in metabolism following 
the ingestion of urea. Zuntz,*4 quoting from experiments carried out by 
Steck, records that in dogs there was a rise in metabolism of 0.49-0.53 
calories per gm. of nitrogen ingested and in man 0.94-1.37 calories. The 
rise in metabolism occurred only during the first two hours, and in man 
only one-sixth of the ingested urea was excreted. If the values obtained 
by Steck in men are accordingly multiplied by six the results are the same 
as those recorded in table 1. Recently Lublin®® measured the change in 
metabolism in men following the ingestion of large quantities of urea 
solution, and observed a rise in the metabolic rate in one case of 8 per cent, 
and in another of 12 per cent of the basal rate; the high point coinciding 
with the time of greatest nitrogen excretion, and not of greatest urine 
volume. 

A rise in metabolism following the ingestion of urea has been observed 
also by Lusk** and by Grafe,*” on whose authority, nevertheless, the con- 
clusion has been accepted generally that the excretion of urea is not ac- 
companied by any demonstrable increase in metabolism. This conclusion 
has passed unchallenged in spite of the work on the oxygen consumption 
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of the isolated kidney, and in spite of the fact that the conclusions both of 
Lusk and of Grafe rest in each case upon only two experiments, of which 
the results do not agree with each other. 

-The experiments of Lusk were carried out on dogs. In one, 17 grams 
of urea dissolved in 150 cc. of water were given at 12:00 noon. At 12:45 
the dog vomited. Nevertheless, a large quantity of urea must have been 
absorbed, because the nitrogen elimination was increased from 0.154 to 
0.424 gm. per hour after the administration of the urea. The basal metab- 
olism of this dog varied from 14.7 to 18.3 calories; the general average 
given is 16.2 calories. In the interval designated 1-2 (which presumably 
was the second hour after administration of the urea) the metabolism 
rose to 20.42 calories per hour, and in the third hour was 18.8 calories 
per hour. The results of this experiment were rejected by Lusk because 
the animal vomited during the first hour after administration of the urea. 
Benedict and Emmes® have shown that intestinal movements have a 
negligible effect on the metabolic rate; and the rise in metabolism observed 
here occurred over a period of two and a quarter hours after the vomiting. 
It is important that an increase in metabolism in this experiment was 
obtained both by direct and indirect calorimetry. In the second experi- 
ment a dog was given 12 gm. urea in 150 cc. water at noon, and the re- 
corded observations on the metabolic rate were made during the third 
and fourth hours after the administration of the urea. No increase in 
metabolism was observed in this interval. On this one result is based the 
conclusion that the excretion of urea is not accompanied by an increase 
in metabolism. Our observations on human beings, and those of Zuntz, 
indicate that the greatest excretion of urea generally occurs in the first 
two hours after the ingestion of urea; after this time the excretion of urea 
may be little more than in the pre-administration period. It was pre- 
cisely in this last period that Lusk failed to observe any increase in metab- 
olism; the large increase observed in the first experiment, on the other 
hand, was in the second hour. These results are not, therefore, anti- 
thetical to those obtained by Steck, Lublin, or those given in table 1. 

In Grafe’s experiments, both carried out on the same human subject, 
22 gm. urea were administered in 750 cc. bouillon. In one case there was 
a decline of 2 per cent over a period of six hours; and in the other, over 
a period of 31/2 hours there was a rise in metabolism of 8 per cent. Apart 
from the discordance of the results, these experiments of Grafe are open 
to the criticism, based upon the observations of Dubois, that it is not 
possible to maintain a human subject in a steady basal state for more than 
three or four hours, and results obtained after such a period cannot be 
considered as reliable. 

The question of the energy cost of the elimination of nitrogen is ob- 
viously an important one in the elucidation of the specific dynamic action 
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of protein. The experiments of Lusk and of Grafe were carried out 
ostensibly for this purpose, and their conclusion seems justified, in spite 
of the discrepancies in their data, that the whole of the specific dynamic 
action of protein cannot be due to the work of the kidney in the elimination 
of nitrogen. On the other hand, their conclusion that the excretion of 
nitrogen by the kidney incurs no expenditure of energy is not warranted 
by their own data. Moreover, it is improbable from the observations on 
the oxygen consumption of the isolated kidney, and it is contradicted 
by the observations of Steck, of Lublin, and those summarized in table 1. 
The significance of the work of the kidney in the specific dynamic action 
of protein is discussed elsewhere. 

The conception of the normal kidney as a chemical machine which 
possesses a great working capacity, but which performs its work with 
a very low efficiency readily lends itself to the explanation of the effects 
of disease of the kidney on the composition of the urine and blood. 

In general there may be said to be two possible effects of disease on the 
kidney: one, that the diseased kidney tends to perform its normal quantity 
of work, but with a lower efficiency; the other, that the effect of disease 
is to reduce the capacity of the kidney for work. It may be expected 
a priori, since “‘loss of function” is one of the classical signs of disease, 
that the second rather than the first of the two alternative reactions to 
injury is the case in the kidney. The observations of Barcroft and Straub 
mentioned above, to the effect that caffeine, mercuric chloride, and anaemia 
reduce the oxygen consumption of the kidney, and at the same time change 
the composition of the urine so that it approximates the plasma, support 
this surmise. Its correctness is sustained further by the findings of Tribe, 
Hopkins and Barcroft,* and of Tribe, Harvey and Barcroft,*® that the 
oxygen consumption of the kidney damaged by uranium or by diphtheria 
toxin was always lower, and was frequently less than half the average 
value obtained for the normal. The effects of cyanide and of narcotics 
also support this view. 

The human kidney when it is diseased fails in a like manner. This is 
the basis of the various concentration tests for kidney function. The 
changes in the excretion of the inorganic constituents by the failing kidney 
have been emphasized less, but are more instructive here than the excre- 
tion of the organic constituents. In general the findings are that the 
inorganic constituents whose relative concentrations are greatest in normal 
urine, as compared with the blood, suffer the greatest reductions in the 
rates of excretion when the kidney is damaged. It is this and not the 
amount in the blood which appears to be the determining factor. For 
instance, Denis and Hobson’s summary“! of the results of their analysis 
of a fairly large number of cases of nephritis is: ‘The relative rarity of 
abnormally high figures for the sodium and chlorides in the blood would 
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therefore appear to show that these two ions are excreted by the kidney 
with great ease, whereas the retention of inorganic phosphates may amount 
to 400 per cent, and of sulfate to as much as 3000 per cent of the average 
normal value.”” They found that though the normal molar concentration 
of phosphates in the plasma is six times that of sulfate, in nephritis, the 
sulfate ion in the plasma became not only relatively, but, in some extreme 
cases, absolutely more concentrated than the phosphates. The normal 
ratios of the concentrations of the three anions, chloride, phosphate and 
sulfate in the urine and in the blood, is least for the chloride and greatest 
for the sulfate.** 

It is unfortunate that the concentrations of the inorganic constituents 
of the urine in disease are not often given. In the experiments of Hendrix 
and Bodansky* on uranium nephritis in dogs, the data given show that 
the concentration of phosphates in the urine in all the animals that died 
fell to considerably below 0.1 per cent P.O;, and in the two animals that 
survived the concentrations, though lowered somewhat, returned to 0.1 
per cent or more. Frandsen found in rabbits with uranium nephritis 
no such lowering of the concentration of chloride in the urine. Rather 
the reverse, the ability to retain chloride seemed to be impaired. This 
may have been due to the acidosis which is engendered in uranium poison- 
ing, resulting in an increased excretion of chloride in compensation for 
the failure to excrete sulfate and phosphate and the inability to form 
ammonia. 

To test more thoroughly this view of kidney function, it is planned to 
obtain more data on the concomitant variations in concentration of the 
constituents of the blood and the urine in health and disease. 

It is possible that the efficiency of the kidney varies somewhat for each 
substance excreted, and further that the relationship between work per- 
formed and oxygen consumed is not linear. The available data does not 
seem to throw any light on this interesting problem which may be related 
to the problem of thresholds in renal excretion. 

Summary.—1. The work of the kidney in the excretion of urine is 
analyzed. by means of the second law of thermodynamics. It is shown 
that the production of either hypertonic or hypotonic urine entails work 
on the part of the kidney. The excretion of a urine which is the same as 
the plasma in all details incurs no work by the kidney. 

2. The energy consumed by the kidney in man in the production of 
urine was found to be 6-11 kg. calories per gram of nitrogen excreted. 

3. It is shown that the normal healthy kidney considered as a chemical 
machine possesses a great capacity for work; but performs its work with 
an “‘efficiency”’ probably not greater than 1-2 per cent. 

4. The effect of disease is to reduce markedly the capacity of the kidney 
for work. 
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This conception of renal function is supported by the evidence in the 
literature of the constitution of the urine in health and disease; of the 
effects of drugs, metallic poisons, anaemia, cyanide and narcotics on the 
oxygen consumption of the kidney im situ and isolated, and on the con- 
stitution of the urine; and by the observations of the authors, confirming 
earlier observations, of the increase in metabolism in man during increased 
excretion of urea. 

The authors wish to thank Professor R. C. Tolman for his interest in 
and assistance with this work. 

The authors are indebted to the Pasadena General Hospital, and par- 
ticularly to Miss Nena Lind and Dr. R. N. Crumrine for their generosity 
and hospitality in placing the metabolism laboratory of the hospital at 
their disposal. 


* These definitions were suggested by Professor R. C. Tolman. 

** From the observations of Davies, Haldane and Peskett‘* and of Harvard and 
Reay“* it seems that the concentration of chloride in the urine in health varies between 
3 times that in the plasma to only a trace. Harvard and Reay, by the ingestion of large 
quantities of water, reduced the concentration of phosphate in the urine to as low as 
1/, that in the blood. This apparently is the lowest concentration of phosphate in 
the urine of healthy man on record. Even under these conditions of extreme dilution 
of the urine, urea and sulfate were found to be more concentrated in the urine than in 
the blood. Ignoring the question of threshold substances and the mechanism of renal 
excretion it may be stated that in the urine, chlorides normally are concentrated less 
and may be diluted more than phosphates. The relative concentration of sulfate is 
always greater than either of these. 
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THE THERMAL DECOMPOSITION OF NITROGEN PENTOXIDE 
AT LOW PRESSURES 
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DEPARTMENT OF CHEMISTRY, UNIVERSITY OF MICHIGAN 


Communicated December 13, 1930 


Introduction.—The rate of decomposition of nitrogen pentoxide at low 
pressures is of particular interest in connection with the theory of unimolec- 
ular reactions. Since Daniels and Johnston! first showed this reaction to 
be unimolecular, many investigations have demonstrated that the specific 
reaction rate is constant and reproducible, and that its unimolecular 
character is maintained over a wide range of conditions. The problem of 
the source of the energy of activation which a molecule must receive prior 
to its decomposition offers particular difficulties in the case of a unimolec- 
ular reaction. From the simplest point of view it would seem that this 
activating energy could not be received through the agency of impacts with 
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other molecules since the specific reaction rate is independent of the con- 
centration and hence independent of the frequency of collision. But it 
was first pointed out by Lindemann? that it is possible to reconcile the fact 
that the specific reaction rate is apparently independent of the collision 
frequency with the idea that the energy of activation is acquired by im- 
pact with other molecules provided we assume that the average time elaps- 
ing between activation and decomposition is large compared with the aver- 
age interval between two collisions. This idea has been elaborated by 
others (see references 4 and 5 in the paper by Hibben®). If we suppose that 
molecules may be deactivated as well as activated by impact with other 
molecules, an equilibrium condition will result in which a certain small 
fraction of all the molecules will be in the activated state and this fraction 
will be independent of the concentration, other conditions being equal. 
Under ordinary pressures, this constant proportion of activated molecules 
will be maintained so effectively by collisions that the rate of decomposition 
will depend entirely on the slow stage, the decomposition of the activated 
molecule, and the specific reaction rate will not be affected by comparatively 
large changes in the collision frequency as a result of changes in pressure. 
But it has been pointed out that a consequence of this theory would be a 
falling off in the specific reaction rate at very low pressures when the inter- 
val between collisions became of the order of magnitude of the time elaps- 
ing between activation and decomposition, and that when the pressure is 
so low that the rate of activation is distinctly less than the rate of decom- 
position of the activated molecule the reaction will become bimolecular 
since the activation process involves the collision of two molecules. 

The results of previous work on the rate of decomposition of nitrogen 
pentoxide at low pressures are somewhat discordant. Hunt and Daniels® 
find the specific reaction rate essentially constant down to 0.91 mm., though 
the value at their lowest pressure seems to be slightly lower than at higher 
pressures. Hirst and Rideal‘ find the specific rate to increase at pres- 
sures below 0.26 mm., but no other work has indicated an increase at low 
pressures. Hibben’ finds no falling off in the specific rate from 0.2 mm. 
down to 0.002 mm. Sprenger,’ by a method similar in some respects to 
ours, comes to the remarkable conclusion that the reaction begins normally, 
slows down and stops before all the nitrogen pentoxide has decomposed. 
These conclusions seem-rather improbable and are supported by no other 
work. Schumacher and Sprenger’ report a decrease in the specific reaction 
rate below 0.06 mm. Ramsperger and Tolman® report careful measure- 
ments at pressures down to 0.001 mm. showing a decrease in the specific 
reaction rate at pressures below 0.05 mm., but giving no indication that the 
reaction changes its unimolecular character even at their lowest pressures. 
They also investigate the effect of increasing the glass surface exposed to the 
reacting system, and find a significant falling off in the specific reaction rate 
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in the course of a single run when the glass surface is increased five-fold. 

Apparatus.—The reaction was carried out in a 1'/2-liter pyrex flask 
having a ratio of surface-volume = 0.5 cm.~', and a volume, including the 
side tubes, of 1765 cc. The reaction vessel was cleaned with chromic acid 
before use. To the flask were attached a condensation tube, which could 
be immersed in liquid air, and the tube containing the manometer. We 
used the quartz fiber manometer of Haber and Kerschbaum as modified 
by Coolidge.’ It consists in principle of a fine quartz fiber mounted rigidly 
at the top and oscillating freely at the bottom. The time during which 
the amplitude of oscillation decreases by one half depends only upon the 
pressure and the molecular weight of the gas filling the manometer, pro- 
vided the pressure is not higher than a few hundredths of a millimeter. 
A given fiber can be calibrated in air against the readings of a McLeod 
gauge and from the calibration curve (or equation) the pressure of any 
gas of known composition may be determined by measuring with a stop- 
watch the time during which the amplitude decreases by one half. Be- 
tween the range 0.001 mm. to 0.03 mm. we believe our pressure measure- 
ments are accurate to 2%. The reaction flask, manometer and condensa- 
tion tube could be sealed off from the rest of the apparatus after filling, 
and placed in a thermostat to observe the course of the reaction. 

For the operation of filling, the reaction system was sealed to the pump 
system, which included a side reservoir of nitrogen pentoxide, continually 
cooled by carbon dioxide snow, a liquid air trap, a McLeod gauge, and a 
two-stage mercury diffusion pump. At the outlet of the reservoir was 
placed an internal, greaseless, glass valve, carefully ground and actuated 
magnetically. Such a valve would not hold against large pressure differ- 
ences, but gave every indication of being adequately tight against the very 
small pressure differences to which we subjected it. Another such valve was 
placed in the vacuum line between the reservoir outlet and the liquid air trap. 

The nitrogen pentoxide was prepared by dehydrating pure nitric acid 
with phosphorus pentoxide and redistilling in a stream of ozonized oxygen 
into the reservoir tube, which was sealed permanently to the pump system 
and kept continually cool. 

In addition to the reaction system of 1765 cc. capacity we used two other 
reaction vessels in which a much larger surface of glass was exposed to the 
reacting gas. These vessels consisted of a number of long side tubes 
sealed to a central tube and bent around it to make a compact unit. The 
advantage of this type of vessel over a flask packed with glass tubing was 
that temperature adjustments on removing from the thermostat would 
be much more rapid. One of these vessels had a volume of 215 cc. and a 
ratio of surface to volume = 5cm™!; the other, constructed of finer tubing, 
had a volume of 310 cc. and a ratio of surface to volume = 10cm~'. These 
vessels were cleaned with chromic acid as was the larger flask. 
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Experimental Procedure.—The reaction vessel was baked at 400°C. for 
at least two hours under a high vacuum. After the flask had cooled, the 
valves were set so that the reservoir communicated with the reaction sys- 
tem, the apparatus was filled with nitrogen pentoxide at a pressure of about 
0.05 mm. and allowed to stand for an hour to remove any possible traces of 
oxidizable material or water vapor and to condition the glass surfaces. 
The flask was then immersed in cold water and darkened to prevent any 
initial decomposition; both valves were closed, shutting off the reaction 
system with an initial pressure of nitrogen pentoxide determined roughly 
by the temperature of the reservoir. This quantity of nitrogen pentoxide 
was then frozen out in the condensation tube by liquid air, the valve in 
the vacuum line was opened to complete the removal of uncondensed gases, 
and the reaction system sealed off. 


Reaction Rate 


07 08 09 410 
¢ 1765 cc. Vessel, Surtace/Volume 
A 2I5 cc. ” » » 
D SIO cc. » » ” 


Specitic 





005 Ol 02 03 04 .05 06 
Pressure in mm. Hg 


FIGURE 1 


The flask was transferred to a water thermostat at 35.0°C. in a dark 
room, and the reaction allowed to proceed. At convenient intervals the 
flask was removed, the oxides of nitrogen frozen out rapidly with liquid 
air, and the oxygen pressure measured by the quartz manometer. At the 
end of a run complete decomposition was obtained by leaving the flask 
over night at 60°C. 

Results.—Representative data obtained with the 1!/2-liter flask are pre- 
sented in tables 1 and 2; and all the results are expressed graphically in 
figure 1, where specific reaction rate for each interval is plotted against the 
average partial pressure of nitrogen pentoxide. The initial pressure of 
nitrogen pentoxide is calculated for each run from the final oxygen pres- 
sure. In table 1, which contains one representative run at the highest 
pressures we used and one run in our intermediate pressure range, the re- 
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action rate constant, K, is calculated for each time interval according to 
the usual formula for a unimolecular reaction, the time being expressed in 
minutes. In table 2, which contains the results of our three runs in 
the lowest pressure range, a unimolecular and a bimolecular constant are 
each calculated; for the latter expression, concentrations are expressed as 
partial pressure in millimeters of mercury. 


TABLE 1 
RUN TIME Oz PRESS. N2Os PRESS. K X 103 
NO. (MIN.) (mm. X 107%) (mm. X 1073) (UNIMOLEC.) 
10 0 0.01 95.3 
10 30 11.0 73.4 8.7 
10 70 21.8 51.9 8.65 
10 120 29.9 35.7 7.5 
10 180 36.1 23.2 7.15 
10 foe) 47.7 0 
6 0 0.05 16.8 
6 30 1.61 13.7 6.8 
6 70 3.21 10.5 6.6 
6 120 4.51 7.9 5.7 
6 180 5.90 5.12 ti2 
6 250 6.74 3.46 5.6 
6 io) 8.47 0 
TABLE 2 
RUN TIME O2 PRESS. N20; PREsS. K X 103 a 
NO. (MIN.) (mm. X 1073) (mm. X 1073) (UNIMOLEC.) (BIMOLEC.) 
18 0 0.02 5.37 
18 43 0.51 4.40 4.7 0.96 
18 106 1.02 3.37 4.2 1.35 
18 190 1.47 2.47 3.7 1.29 
18 290 1.79 1.83 3.0 1.41 
18 ©0 2.685 0 Av. 1.25 
8 0 0.01 4.15 
8 40 0.317 3.52 4.1 1.04 
8 90 0.552 3.05 2.9 0.88 
8 150 0.817 2.52 3.25 1.15 
8 220 1.01 2.134 2.45 1.02 
8 310 1.19 1.766 2.2 1.08 
8 © 2.086 0 Av. 1.04 
9 0 0.00 1.88 
9 50 0.144 1.59 3.35 1.93 
9 130 0.253 1.37 1.85 1.67 
9 250 0.373 1.14 1.6 1.29 
9 430 0.495 0.89 1.35 1.35 
9 © 0.940 0 Av. 1.56 


Discussion.—For all our intervals above 0.06 mm. partial pressure of 
nitrogen pentoxide the average of six measurements gives K = 0.00801. 
Daniels and Johnston! find at higher pressures a value K = 0.00808 at 
35°C. The decrease in the value of K begins at partial pressures of nitro- 
gen pentoxide around 0.05 mm. to 0.06 mm. This is in agreement with 














Vov. 17, 1931 CHEMISTRY: HODGES AND LINHORST 33 


the observations of Schumacher and Sprenger’ and of Ramsperger and 
Tolman.’ The rate continues to fall more sharply until at pressures be- 
low 0.004 mm. the reaction becomes bimolecular as the values in the last 
column of table 2 indicate. 

The results with the vessels of large surface, shown in figure 1, are less 
consistent than those with the 11/2-liter flask. They indicate a disturbing 
effect due perhaps to the glass surface; but it must be observed that the 
smaller volume of the two vessels of large surface may also have been a 
cause of results deviating from those obtained with the larger vessel. The 
only conclusion apparent from these results is that the reaction is slower 
over the entire range of pressures. We find no evidence of a more rapid 
reaction at higher pressures as did Ramsperger and Tolman*® when they 
increased the glass surface. 

The most significant point brought out in the above results is the ap- 
parent bimolecular character of the decomposition at pressures below 0.004 
mm. Of the several papers reporting measurements in this pressure range, 
none gives any definite indication of a bimolecular reaction. The results 
of Schumacher and Sprenger,’ while not so consistent as ours, are, however, 
of essentially the same nature. When their values for K are plotted against 
partial pressure of nitrogen pentoxide, the points lie in the same general 
region as those given in figure 1. We shall not attempt to discuss here the 
possible reasons for the discrepancies between our results at the lowest 
pressures and those in the papers just mentioned. Neither shall we discuss 
at present the important question of whether the apparent bimolecular 
character of the rate measurements in our apparatus is to be taken as mean- 
ing a true homogeneous reaction of the second order or whether possible 
surface effects may account for the results. The work is still in progress 
and such discussion can be undertaken with more profit when the results 
are complete. 

Summary.—The rate of thermal decomposition of nitrogen pentoxide has 
been measured at 35°C. and at pressures between 0.12 mm. and 0.001 mm. 

The reaction was found to be unimolecular above 0.06 mm. partial pres- 
sure of nitrogen pentoxide. Below 0.06 mm. the specific reaction rate 
drops steadily with decreasing pressure, and below 0.004 mm. the reaction 
appears to be bimolecular. 
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ON THE TRANSFER OF ENERGY BETWEEN ATOMS AT 
COLLISION 


By Oscar KNEFLER RICE! 
CHEMICAL LABORATORY, HARVARD UNIVERSITY 


Communicated December 15, 1930 


Recently Kallmann and London? have considered the question of energy 
exchange between atoms or molecules, and have concluded that it is 
possible to account theoretically for the fact that energy exchanges some- 
times take place over distances much greater than are comparable with 
atomic or molecular radii. Their method is to consider that as one atom 
or molecule approaches another forces come into play which may be 
treated as perturbations, enabling one to calculate the rate at which 
energy exchanges take place as the molecules go by each other with differ- 
ent distances of approach, different velocities, etc. This amounts simply 
to calculating the rate at which shifts in the internal quantum states of 
the two molecules (considered together as one system) take place under 
the influence of the perturbation, which was considered to be due to the 
mutual action of the electric moments of the two atoms or molecules in- 
volved in the collision, as this gives the only possibility of getting a suffi- 
ciently large perturbation at large distances for appreciable energy ex- 
change to take place. 

In the method of Kallmann and London the relative translational 
energy of the colliding atoms or molecules is neglected completely. On 
this account it has been suggested by Frenkel* that Born’s method of 
solving collision problems should be applied to this problem. But that 
such an application is not valid in this case because of the large perturba- 
tions involved has been pointed out by Kallmann and London.‘ 

The question of the effect of the kinetic energy is nevertheless of funda- 
mental importance, not only for this particular problem, but also for all 
the cases of energy exchange, which play such a réle in chemical kinetics. 
The solution of the problem at hand may be considered the first step in 
the solution of many other problems. It therefore seems worth while 
to consider it anew, and in this note a modification of Born’s method will 
be outlined, which takes into account the mutual kinetic energy of the | 
particles and also meets the objections made by Kallmann and London 
to Frenkel’s suggestion.’ It thus far gives only an upper limit to the 
radius of action in any given case, but as this is already considerably 
smaller than that found by Kallmann and London and as the method 
should be of general use it seems worth while to present it now. 

To do this we consider stationary states of a pair of atoms or molecules; 
the wave function y which describes such a state depends among other 
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variables on the codrdinates giving the relative positions of the two atoms 
or molecules. In this note we shall consider only the case of two atoms, 
in which the inner electrons can be considered to be composed of smeared 
out shells, and only one electron, the ‘‘Leuchtelektron,”’ is of importance. 
We let r’, 9’, and 0’, and 7”, ¢”, and 0” be the polar coérdinates of the 
electrons on the first and second atoms respectively with respect to axes 
fixed in the respective nuclei; 7, ¢, and @ will be the polar coérdinates of 
the line joining the two atoms with respect to a set of axes fixed in space, 
and parallel to the nuclear sets of axes. Then we may write (simply 
expressing the fact that the variables are separable) 


v= Vey (6, OR ye (1) Ymnae (0, OR" ee (1) Ying (bs Rie (7) (1) 


this being the zero approximation, the unperturbed solution. The sub- 
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scripts give the quantum numbers. / gives the angular momentum, m 
its component about the z-axis. It will be noted that all the parts of 
vy have discrete sets of characteristic values except R, which due to the 
free motion of the two particles has a continuous set. It will be convenient 
to make this set discrete, also, by introducing a largest value 7, of r. 
The method consists in considering some given initial state, ¥;, and find- 
ing what happens in the course of time under the influence of the per- 
turbation due to the mutual action of the electric moments of the atoms. 
We can also find out what fraction of the pairs of molecules in the state 
v1 will suffer collision in unit time, and thus we can find out the average 
effect of a collision. We can then average over all y:’s which correspond 
to a certain pair of internal states of the two molecules, and find out the 
rate at which they go to other internal states, in which an exchange of 
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internal energy has taken place. If the total amount of internal energy 
changes in this transition the difference must be taken up as change of 
translational energy. If this difference is zero we have Kallmann and 
London’s case of exact resonance. 

The formulation we have given is very convenient, for the following 
reason. R, (we leave off the other subscripts) can be written as F,/r 
where F;, obeys the differential equation 


d?F,/dr? + (*®E, — 11+ 1)7r-*) FR, = 0 (2) 


where 7? = 82?M/h?; where M is the reduced mass, E; is the translational 
energy. Now it is seen that F, decreases rapidly as we go to values of 
r less than ro = [I(l + 1)/n?E,]|'” and this distance may be taken as the 
distance of closest approach of two molecules in collision, and it is de- 
termined by / and E, (i. e., by their initial values, as shown hereafter by 
subscript 1). 

We shall now consider the rate of transfer from any state y to another 
definite state y2 of the same total energy. We denote the perturbation 
as a function of the codérdinates as V and the perturbation matrix com- 
ponent as vj. The y’s are normalized so that f'y’dr = 1 in which r 
goes from 0 to 7, all the other coérdinates being taken over the usual 
limits, dr being the volume element. Then if vis not too large, the rate 
of transfer by collisions may be shown to be® 


Ne = 40°vi,/he, (3) 


where « is the distance between two ‘‘continuous’”’ states which go with 
the final internal pair of states, being given by hE,,”“/n(2M)*. Now 
it can be shown that the number of collisions per unit time is «/h, hence 
the chance of transition per collision is 


4m? v42?/e1 «2. (4) 


If this becomes of the order of magnitude of 1 this, of course, no longer 
holds. The transition probability per collision can never be greater than 
1. If we find the value of ro for which the expression (4) becomes equal 
to 1, this will give us roughly a maximum value for the effective radius 
of the given transition.’ 

We do this with a given initial internal state and a given E,, (which 
we will take as the average relative energy of transition, and simply use 
the result instead of averaging over E;,,). Then the value of 79 is determined 
by 1,, which likewise determines F,, by Eq. (2), which determines vy. In 
order to find the critical value of ro properly one should find the average 
value of vy” (averaged over all m,) for any given /,, and one should also add 
together all values of v1? if more than one final state is possible with the 
initial state given. When we speak of v2? hereafter we will mean this sum. 

















VoL. 17, 1931 CHEMISTRY: O. K. RICE 37 


The method of procedure is now definitely outlined. All that remains 
is to determine v1. As V is the energy due to the mutual action of the 
electric moments due to the relative positions of the leucht-electrons 
and the smeared-out central parts of the atoms it is given by (the atoms 
being far apart compared to their sizes) 


V = 2¢’t” [cos 0’ cos 6” cos? 6 + sin 6’ cos 6” sin @ cos 6 cos (¢’ — ¢) 
+ cos 6’ sin 6” sin @ cos 6 cos (¢” — ¢) (5) 
+ sin 6’ sin @” sin? 6 cos (¢’ — ¢) cos (¢” — ¢) |r 


where £’ and é” are the absolute magnitudes of the electric moments of 
the respective atoms and are functions of r’ and r” only. The integration 
with respect to 7’ and r” will introduce in v.? a factor e‘a* where a is of 
the order of 10-* cm. and ¢ is the charge on the electron. The integration 
with respect to the angles brings out certain selection rules for the corre- 
sponding quantum numbers. We have)’ =)’ + 1,h” =)" + 1,h=h 
or], = 2, me’ = my,’ or m,’ + 1, me” = m,” or m,” + 1, me = morm = 1 
or m, + 2. Further we must always have m2’ + m2” + m, = m,’ + 
m,”" + m, giving conservation of angular momentum about the z-axis. 
The method used in this integration is that described by Sommerfeld. The 
integration with respect to r can be performed as the r-part of the eigen- 
function can be expressed as a Bessel function, the integral then being of 
a standard form.? The value of this part of the integral depends on 
whether / changes by 0 or +2. 

In setting forth the results we may consider three cases: 

Case 1: The case of exact resonance. 

Case 2: E,,/E,, < 1 —- 2(ronEy,)~”. In this case only transitions in 
which /, = /, + 2 contribute appreciably to the result. 

Case 3: E,,/E,, <1 — 2(ronE,,)~”. In this case only transitions in 
which /, = 1, — 2 contribute appreciably. 

For practical purposes, these three cases are sufficient, and we can give 
very approximately the results obtained by setting expression (4) equal 
to 1. yr, is the value of ro thus obtained. 


Case 1: r, = 0.36 aen/*E,,~“* 
Case 2: 1 = 0.0024 atetn®E,,'/"(Ey, /Ep Je" "(1 — Ey, /En,)*te7? 
Case 3: 1 = 0.0024 atetn®E;, (Ey, /Ey,)’ee 
(ti Ex, /Ex,)* (tenEn ie 
In Case 1 the expression is essentially the same as that of Kallmann 
and London, except that our cross section (not radius) is smaller by a 


factor of about 9. It is difficult to gauge the importance of such a factor. 
It does not seem to me that the mechanism considered can account for 
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the results of Hanle’® and Datta’ on the depolarization of resonance 
radiation in any event,'! as they found much larger cross sections. For 
the other cases I do not think that a factor of the size noted makes much 
difference, as far as the meager present data for the case of exact resonance 
goes. The difference is due to the integration with respect to the angles, 
which Kallmann and London left out. 

The results in Cases 2 and 3 have no outward resemblance to those of 
Kallmann and London and in every case show a considerably smaller 
r, for given E,, — E,,. In order to show how r, varies with « = E,, — E,,, 
I have made two graphs for Case 2, taking a = 10-* cm., E,, = 0.039 
and 0.00032 volt electrons respectively, and 1 = 20 atomic weight units. 
For purposes of comparison I have also included the curve for the case 
a = 10° cm., Ey, = 0.039 volts and M = 20 which one obtains from 
Kallmann and London’s formula.’* I have carried the curve to lower 
values of r, than those for which the above calculation really gives a good 
approximation. 

One notes that the curves for 0.039 and 0.00032 volts differ somewhat, 
but not sufficiently but that one appears to be justified in using, at any 
temperature, simply the curve in which E,, is given its average value for 
that temperature. 

Unfortunately the experimental data which is at hand is mostly for 
complicated systems, and does not lend itself readily to comparison with 
the above. There are many instances, however, in which the cross sections 
are surprisingly large, and at present I cannot see how any slight modi- 
fication or adaptation of the present theory could account for them. It 
may be that some rather fundamental change will be needed to explain 
them. On the other hand, it seems that it should be possible to find 
cases where the above theory will apply. 

As I have stated the above results give upper limits to the value of 
r, for a given o. Preliminary calculations,’ for the case where the per- 
turbations are large, indicate that r, is probably even considerably less, 
and that exceedingly good resonance is necessary for any energy exchange 
to take place. 

A detailed account of the above research will be published later else- 
where. It will be seen that it ought to be possible to adopt the method 
to other cases and an attempt will be made to do this. 

In conclusion I wish to thank Professor Heisenberg for helpful discus- 
sion, and for courtesies extended me during my stay in Leipzig. I have 
also had the privilege of discussing part of the above work with Dr. Kall- 
mann, who informs me that he has also independently worked out a 
more exact treatment than that previously given, which is in some re- 
spects similar to the above, though not exactly the same, it giving, I 
understand, Kallmann and London’s old result as a first approximation. 
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I have also had several stimulating discussions with Dr. Clarence Zener. 


1 This work was begun while the writer was a National Research Fellow at the 
Institute for Theoretical Physics of the University of Leipzig. 

2 Kallmann and London, Z. physik. Chem., 2B, 207 (1929). 

3 Frenkel, Z. Physik, 58, 794 (1929). 

4 Kallmann and London, Jbid., 60, 417 (1930). 

5 A perfectly general method for treating a similar problem has been given by Holts- 
mark, Z. Physik, 52, 485 (1928). This method, however, cannot be used here for actual 
calculations. 

6 Dirac, Proc. Roy. Soc., 114A, 256 (1927). : 

7 Tf the transition is not one of exact resonance there will be certain matrix components 
(corresponding to transitions in which no or little change of kinetic energy takes place 
and which, therefore, cannot occur with conservation of energy) very much larger than 
%. It does not seem likely this could make the probability of transition to the state 2 
itself any greater, as this will not combine with any of the states (not conserving energy) 
which one would expect to be temporarily excited while the two atoms are close together. 
Indeed, a preliminary calculation indicates, rather, that the probability of transition 
would be lessened by such disturbing influences. 

8 Sommerfeld, Atombau und Spektrallinien, Wellenmechanischer Ergdénzungsband, 
Vieweg und Sohn, Braunschweig, 1929, p. 62, ff. 

® Watson, Theory of Bessel Functions, Cambridge, 1922, p. 401. 

1 Datta, Z. Physik, 37, 625 (1926). Hanle, Jbid., 41, 164 (1927). 

11 As 4»? falls off so rapidly with the distance, I see no hope in the cumulative effect 
of the small perturbations due to atoms at a great distance from each other. Compare 
Kallmann and London, loc. cit. (Z. physik. Chem.), 233, ff. 

12 Kallmann and London, loc. cit. (Jbid.) Eq. (26). 


GROUPS WHICH ADMIT FIVE-EIGHTHS AUTOMORPHISMS 
By G. A. MILLER 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated December 3, 1930 


In two previous articles! we determined fundamental properties of all 
the groups which admit three-fourths automorphisms as well as of all 
those which admit two-thirds automorphisms. In the present article 
similar properties are determined as regards the groups which admit 
five-eighths automorphisms. It is also proved here that there are no 
groups which admit automorphisms between three-fourths and two-thirds, 
or between two-thirds and five-eighths. The former of these two facts 
may be established as follows: If a group G admits an / automorphism 
where / is less than three-fourths and more than two-thirds, then G must 
be non-abelian and it must involve two non-commutative operators s, 
and sg which correspond to their inverses in such an automorphism. 

Let H, and Hg be the subgroups composed of all the operators of G 
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which are commutative with s, and sg, respectively. Since not both of 
these subgroups can be abelian and also of index 2 we may assume that 
Hg does not have both of these properties. It is easy to prove that 
Hg, could not be non-abelian. If it were non-abelian then at least one- 
fourth of its operators could not correspond to their inverses under the 
automorphism in question. Hence the number of products of sg into 
operators of G which would not correspond to their inverses in this auto- 
morphism would be at least equal to the number / of operators which 
correspond to their inverses but are not found in Hg + hg/4 = 1 — hgvo, 
hg being the order of Hg. This is clearly impossible when / > 5g/8. 
Hence we have proved that Hg, cannot be non-abelian whenever the auto- 
morphism of G exceeds 5/8. It will be seen later that Hg can be non- 
abelian when the automorphism is 5/8. 

When Hg is abelian and of index 3 the automorphism can obviously 
not exceed 2/3 and when the index exceeds 3 the automorphism must be 
less. It has therefore been proved that the automorphism of G could 
not exceed 2/3 and be less than 3/4. To prove that it could also not 
exceed 5/8 and be less than 2/3 it remains only to consider the case when 
Hg is abelian. If Hg were invariant and of index 3 then s, could not be 
commutative with one-half of the operators of Hg since it could not trans- 
form Hg into an automorphism of order 2. If s, were commutative with 
less than one-half of the operators of Hg, then at least 4/9 of the operators 
of G would not correspond to their inverses. Hence Hg could not be 
both abelian and invariant if it is of index 3. When it is non-invariant 
and abelian G admits a two-thirds automorphism, and if its index exceeds 
3 the automorphism could clearly not exceed five-eighths. It has therefore 
been proved that there exists no group which admits an automorphism which 
as either less than three-fourths and greater than two-thirds, or less than two 
thirds and greater than five-eighths. 

In the articles to which we referred it was proved that if a group admits 
either a three-fourths automorphism or a two-thirds automorphism it 
must involve an abelian subgroup of index 2. It is easy to prove as 
follows that this is not necessarily true of groups which admit five-eighths 
automorphisms. Let H be any group which admits three-fourths auto- 
morphisms and has an order which is divisible by 16, and suppose that 
this H is composed of all the operators of G which are commutative with 
Sq While sg transforms half of the operators of the central of H into them- 
selves multiplied by the commutator of H and is commutative with half 
of the operators of H. Moreover, assume that sg is in the central of G. 
It then results directly that a three-fourths automorphism of H gives rise 
to a five-eighths automorphism of G and that the commutator subgroup 
of G is of order 2 while its group of inner isomorphisms is the abelian group 
of order 16 and of type (1, 1, 1, 1). Hence it results that every group 
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which admits three-fourths automorphisms and has an order which is a 
multiple of 16 can be extended to a group of twice its order which admits 
five-eighths automorphisms, has a commutator subgroup of order 2, and does 
not involve an abelian subgroup of index 2. 

When H, is non-abelian in a five-eighths automorphism of G it is obvious 
that its index must be 2 and that s, must transform it in the manner noted 
in the preceding paragraph in order to obtain a group which does not in- 
volve an abelian subgroup of index 2, since one-half of the products ob- 
tained by multiplying the operators of H,, by sg must correspond to their 
inverses in such an automorphism. We proceed to prove that if a group 
does not involve an abelian subgroup of index 2 but admits at least one 
five-eighths automorphism it must belong to the category described in 
the preceding paragraph. It is easy to show that if this were not the case 
there would be a group such that in one of its five-eighths automorphisms 
all the subgroups composed of the operators which are commutative 
separately with non-invariant operators corresponding to their inverses 
would be abelian and of index 4. Hence all the products of such a non- 
invariant operator into the operators which do not correspond to their 
inverses in this automorphism would correspond to their inverses therein. 

Hence it results that the three-eighths of the operators of G which do 
not correspond to their inverses in the five-eighths automorphism in ques- 
tion generate a group all of whose operators are invariant under the groups 
generated by the products formed by multiplying one of the non-invariant 
operators which correspond to their inverses into each of the others which 
have these properties. As both of these groups would have an index under 
G which does not exceed 2 they would have in common a subgroup whose 
index could not exceed 4. It therefore results that G involves an abelian 
subgroup of index 2 and hence it has been proved that if a group admits a 
five-eighths automorphism but does not involve an abelian subgroup of index 
2 it must involve a subgroup of this index which admits three-fourths auto- 
morphisms, and it must belong to the category determined above. It remains 
therefore only to determine those groups which admit a five-eighths auto- 
morphism and contain an abelian subgroup of index 2. 

Let G be a group which admits a five-eighths automorphism and in- 
volves an abelian subgroup H of index 2. It will first be noted that it 
is not possible to make exactly one-half of the operators of H correspond 
to their inverses in such an automorphism. If exactly one-half of the 
operators of H correspond to their inverses in an automorphism of H 
the rest of its operators must correspond to their inverses multiplied by 
a common operator of order 2. If s, is an operator of G which is not 
contained in H but corresponds to its inverse in a five-eighths auto- 
morphism of G it results that three-fourths of the products obtained by 
multiplying s, into H must correspond to their inverses. This is not 
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possible since s, would have to transform every operator of H either into 
itself or into itself multiplied by the same operator of order 2. We have 
therefore proved the following theorem: Jf a group which involves an 
abelian subgroup of index 2 admits a five-eighths automorphism, then either 
all of the operators of this subgroup or exactly one-fourth of them correspond 
to their inverses in this automorphism. 

When each of the operators of the abelian subgroup H of index 2 under 
G corresponds to its inverse in a five-eighths automorphism of G, then one 
of the remaining operators s of G which corresponds to its inverse in this 
automorphism must be commutative with all the operators of a subgroup 
K of index 4 contained in H. When the quotient group H/K is non- 
cyclic K must involve the non-cyclic group of order 4, and when K in- 
volves such a non-cyclic subgroup and the quotient group H/K is non- 
cyclic such an automorphism can be established. Hence a necessary 
and sufficient condition that G admits such a five-eighths automorphism 
is that the invariants of H which are powers of 2 satisfy one of the following 
three conditions: At least two of these invariants exceed 2, one of them 
exceeds 2 and at least two others are equal to 2, or at least four of them 
are equal to 2. When H//K is the cyclic group of order 4 then the corre- 
sponding multiplying subgroup of order 4 must be cyclic and its operators 
of order 4 must correspond to their inverses in this automorphism of 
order 2. This implies that the invariants of H which are powers of 2 
satisfy one of the following three conditions: At least one of them is 8, 
at least one of them is greater than 8 and at least one is less than 8, or at 
least two of them are equal to 4. 

From the preceding paragraph it results that the invariants of H which 
are not powers of 2 do not affect the usefulness of H for the purpose of 
establishing a five-eighths automorphism of G. It also results that there 
are at least four such five-eighths automorphisms whenever there is one 
since any of the co-sets of G with respect to K which is not in H may be 
composed of operators which correspond to their inverses. All the groups 
which admit such a five-eighths automorphism admit also a five-eighths 
automorphism in which just one-fourth of the operators of H correspond 
to their inverses and each of the operators of G which is not also in H 
satisfies the same condition. This automorphism is obviously character- 
istic. Hence we have established the following theorem: Jf a group 
which involves an abelian subgroup of index 2 admits one five-eighths auto- 
morphism it admits exactly five such automorphisms and its group of inner 
isomorphisms 1s of order 8. This group of order 8 is either the octic group 
or the abelian group of type (1,1,1). 

The dihedral group of order 4k clearly admitsa (k + 1)/2k automorphism 
in which all the operators correspond to themselves as well as k such auto- 
morphisms in which all the operators of the cyclic subgroup of index 2 
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correspond to their inverses. Hence such a group admits k + 1 (k + 1)/2k 
automorphisms, where k is an arbitrary natural number. These auto- 
morphisms are distinct whenever k > 1. Fork = 2,3 and 4 there result 
groups which admit three-fourths, two-thirds and five-eighths auto- 
morphisms respectively. The group of inner isomorphisms of all of these 
groups is the dihedral group of order 2k. When k = 2 or 3 it has been 
proved that all the groups which admit (k + 1)/2k automorphisms have 
such a group of inner isomorphisms but this is not necessarily true when 
k = 4, as was proved above. In fact, in this case the group of inner 
isomorphisms may also be abelian and of order 8 and of type (1, 1, 1) as 
well as of order 16 and of type (1, 1, 1, 1). Hence the groups which admit 
five-eighths automorphisms are composed of various categories of ele- 
mentary groups which have this useful common property. 
1 These PROCEEDINGS, 15 (1929), 369; 16 (1930), 86. 


MULTIVECTORIAL CURVATURE 
By M. S. KNEBELMAN 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated December 12, 1930 


Throughout what follows I consider an n-dimensional space V, with 
a Riemannian metric which I assume to be positive-definite—a restriction 
which is imposed for simplicity’s sake and which may be removed by a 
slight change in the definition of length. 

In a previous paper! I defined an r-cell determined by r( < ) linearly 
independent vectors +. (a = 1, ..., 7) indicating the vector and (¢ = 1, 

.., ”) indicating the component. It is the object of this note to define 
the curvature of an r-cell or of an r-plane and to obtain some of its properties. 

Let the space V, be referred to an arbitrary coordinate system x and 
let y be a Riemannian coérdinate system with origin at the point x. Then 
the equations of any geodesic through x are y’ = X‘(x) ¢, »° determining 
the direction of the curve. 

Consider the set of all geodesics through x) whose directions are linearly 
dependent on the r independent directions x‘(x9). Any r independent 
geodesics in this set will have the equations 


yh = a Ng = Ng(xo) (1) 


the determinant | & | being different from zero. The above equations 
define a subspace V, of V, whose induced metric,” b,, is given by 


bap = Bij NaN (2) 
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gi; being the components of the fundamental tensor of V, and the sum- 
mation convention being used for all repeated indices as well as for sub- 
scripts of indices. If we denote the components of the Riemann-Christoffel 
tensor of V,, by Rjj,; and those for the subspace V, by Byg,5, then it can 
be shown easily that 


oe 
Bapys = Rijet Xpyro- (3) 


The space V, being non-singular at x) and the vectors being independent, 
b = |bag| > 0; in fact, b is the square of the content! of the r-cell. 
If b%* denotes the normalized cofactor of bag in 6, then 8 bY Baups 
is the scalar curvature of V,. We now define the r-vectorial curvature of 
the space V,, for the orientation 1, a = 1, ...,r(1 <r < n) to be one-half 
the scalar curvature of the r-cell determined by x\.. 

The factor one-half in the above definition is not essential and is used 
merely to make this definition agree with that of Riemannian curvature 
(r = 2). We shall denote this curvature by K,,) or simply by K if there 
is no chance for confusion. From (3) it follows that K is a scalar in- 
variant and it can be shown to remain unchanged if instead of the orienta- 
tion »/ we use a linearly dependent one. Hence if we define an r-plane 
to be the totality of r-cells whose orientations are dependent on e. we 
may properly speak of the curvature of an r-plane; in this r-plane we 
may choose the set 4, to be mutually orthogonal unit vectors; that is, 
grin = 6.9. With this choice we have 

r 
Kw 5 "/s i - Baresbips oi ‘es } ee 
a < a2 


If we denote by ,K(,_,) the (r — 1) dimensional curvature of the face of 
the r-cell obtained by omitting the vector \j, we get 


1 r 
iy > wKe-y- (4) 


We can therefore state the theorem due to Cartan.’ 

I. The Riemannian curvature of an r-cell (2 <r <n) is equal to 1/(r — 2) 
times the sum of the curvatures of its (r — 1) dimensional faces. 

Using (4) as a recursion formula we have 


ae @) 
ZL wip (7 —2) gen ic a Ko) 


=e — 2 7— 3 acm 


Kw) 





From this it follows that 

Il. Jf a space V, has constant two-dimensional curvature its curvature of 
every dimension is constant. 

The inverse of this theorem is also true with two possible exceptions. 
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To prove this we shall state and prove a theorem which is a generalization 
of a theorem of F. Schur.‘ 

III. If the r-dimensional curvature of a space Vz, 1 <r Sn — 1, is 
independent of orientation, it does not vary from point to point. 

To this end we may write K = 1/, 5% 68: Boos Pb Where pxas Bibs 
is a two-rowed minor of | pf | and by a theorem on compound determi- 
nants® we get 
ele Or fe . Br Buxbib: bo». _b 

4-b-(r — 2)! 





K = arBr (5) 


Upon replacing b,, and Byg,; by their values from (2) and (3) this becomes 


r ° 
on... .ay fi... By tu oy ip 
: re Rinirir Sis js- - - 8,3, II x A 


K = aSt “ (6) 


r 


k,l 
4 (7 — 2)! gm. esa..t, HA" d," 


p=l M 





The numerator of the right hand side of (6) may be transformed by the 
theory of determinants® into 
op SM Bp Rabin Sisis Btrir i ie 526, I Ne# NP 

a. 


a ae 


by pol 
r . . 
t J 
fon. . .ty Gr...» Ratrnhe Sar» -Li,3, TH Fen 5% 
p=1 2 m 
The tensor we denote 





4 (r — 2)! 
by Re. « Gy; by. . . bye 
If we raise the second set of indices by means of g” we get 


Ob ois Oe iy 


Ras... ty = Bags ay or git. Re Ges te Rainhde Sani: °  £i,5,/ A(r ag 2)!, 


which may be further transformed into 





oo Cp sn: p 
rr ai ky a1. —— (7) 
Peter Cy 
From (7) it is evident that x ” is skew-symmetric in both sets of indices 


and that it vanishes if more iis two contravariant indices do not occur 
among the covariant ones. 
Equation (6) may now be written as 


“es Nu es RE gin. Bink, NH (8) 
p=1 w=1 : 


Making the assumption of our theorem, viz., that K is independent of PR 
we get by differentiating (8) with respect to xn”... ary successively, 
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r r 
. . . . i j i j = Ri. k, 
Kis. igsin dr WM COphone 18 of Oc8) Ri; i inka | A 


(e 6 + oye om). (9) 
Multiplying each side of (9) by II g**’« and contracting the a’s and the 
a=3 


b’s we get after considerable reduction 


(n — 2)! een ie, de 
(a — 7)! Kins in... je (ay af + of + 531) (a2 Oh, + 8s 825) = 


” Rae = 
Bis Siam, RO Je 7 (aa ob + 5p 8%) (5a, 882 + dh: 823). 


Njejs.. ‘ 


(10) 


From the symmetry properties of R mentioned above we can easily show 


that es - must be of the form 


inh inh hi ple 4 she ph hy phe he qh 
A, Rij t+ Ao R oj + As (8, RE + Of Ri — 0A Ri — OG RE 
and to compute the values of these canoe coefficients we divide the terms 


of raid into groups which upon contraction give the tensors of the re- 
.20dr 


quired type. Making use of the relations between the generalized Krone- 
ker deltas’ we find 


=. Sis 
Ae = 2710 29; dv = 2 = 9: ae &— 91ErS. 


2 
(11) 
Multiplying (10) by g”” and contracting we find 
ODS 9 n(n — 1) — 1) 
-+=-92 —— = D) 
Ri = 2 a y Ket and hence R ° ee 3)  °~e 


Equations (10) may now be reduced to 


2(r — 2)! (3 
17 — 1) 
Now if Rg.as.0. + Rasdsa: = Sasaxd,s, it may be shown by means of the 
identities existing between the components of the Riemann-Christoffel 
tensor that Ryo, = 3/s(2Sa,05.0. + Saved). Applying this to (13) 

we get—provided A; ~ 0— 


A, (Reeds + Roybsbra2) cs K (Sen: bibs + Qarbe; bras) (13) 





R =, 2K) 
aiazbib: ~~ r(r amy 1) Qaraz;bibe 


It therefore follows from the theorem of Schur and by II that Ky, is 
independent of x. 

It only remains to consider what may be said about the space V, when 
A, = 0. Now (%=3) = 0 has only two solutions r = nor r = n — 1. 


If r = n let y* be the normalized cofactor of xi, in | “a i then b% = gy? ue 
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K B kt R, eR Sen See R 
in) = 1/2 gi Mey f MR ue pars a Ay Ap NG /2 


which is obviously independent of orientation so that the theorem need 
not be true in this case. If r =n — 1 let \;, be any vector which is not 
linearly dependent on the set 44. Then (8) may be written in this case as 


g.2" uf wy K 1) = me Rags gee ge, Sin — in — bin #3, /4(n—3)! 
or upon simplifying 
Kg? ub wh = 1/4 gh OO Reo i wh Mh (14) 
so that if K is to be independent of orientation we must have 


IK a Pe IP (gitehihdt + giisinnky Riisinis 
which gives 
2K gt = Rg — oR*, (15) 


2 
From this we get by contraction R = Po K and 


R 
Bai = = Shi (16) 





~~ t= 1 
But equations (16) define an Einstein space and by a theorem of Herglotz’ 
we know that R is constant and consequently K,,_,) is. Thus the proof 
of Theorem III is completed. 

Since if (16) are true it follows from (15) that K,,_,) is independent of 
orientation we may characterize an Einstein space geometrically by the 
theorem 

IV. A necessary and sufficient condition that a V,, be an Einstein space 
is that the curvature of all hyperplanes through any point be the same. Then 
this curvature does not vary from point to point. 

The word “all” in IV may be weakened to ‘‘n independent”’ as may be 
easily shown by means of (14). 

We may now also state the inverse of Theorem II. 

V. Ifa space V, has constant r-dimensional curvature for any one value 
of r < n—1, tt has constant Riemannian curvature of every dimensionality. 


1 Cf. M. S. Knebelman, Proc. Nat. Acad. Sci., 16, No. 2 (1930), pp. 156-159. 

2 Cf. L. P. Eisenhart, Riemannian Geometry, Princeton Univ. Press (1926). 

3 Cf. E. Cartan, Géométrie des Espaces de Riemann, Gauthier-Villars — 

4 Cf. F. Schur, Mathemat. Ann., 27 (1886), pp. 537-567. 

5 Cf. Wm. Flexner, Ann. Math., 29, No. 3 (1928), pp. 373-376. 

6 Cf. Oswald Veblen, ‘‘Invariants of Quadratic Differential Forms’ (Cambridge Tract, 
No. 24). 

7 Cf. G. Herglotz, Sitzungsber. Sachs. Gerellsch. Wiss., 68 (1916), pp. 769-822 
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ON THE UNIFIED FIELD THEORY. III 


By Tracy YERKES. THOMAS 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated December 9, 1930 


It is the object of the present note! to deduce the general existence 
theorem of the Cauchy-Kowalewsky type for the system of field equations 
of the unified field theory. The existence theorem at which we arrive 
differs, however, from the usual form of such theorems in that certain 
linear combinations of partial derivatives of the h',, namely, the absolute 
electromagnetic forces hi,, occur among the arbitrary functions, rather 
than these derivatives themselves. The theory is carried sufficiently 
far to determine the characteristic surfaces of the four-dimensional world, 
i.e., those three-dimensional surfaces which are characterized by the fact 
that if taken to ‘‘bear’’ the data of the problem our existence theorem 
ceases to apply, inasmuch as certain of the coefficients of the power series 
expansions of the hi, become indeterminant. These surfaces are analogous 
to the characteristic surfaces which arise in connection with the well-known 
equation 

1 0%» 
~ cor ° 
which represents the propagation of a disturbance with constant velocity 
c; we have not, however, undertaken a discussion of the wave surfaces in 
the present note. 

Before proceeding to the investigation of the mathematical problem 
at hand I would like to make a remark concerning the general nature of 
the field theory previously presented. Einstein? has pointed out that 
the vanishing of the invariant hj, is the condition for the four-dimensional 
world to be Euclidean, or more properly pseudo-Euclidean. From the 
point of view of our previous notes this fact has its interpretation in the 
statement that the world will be pseudo-Euclidean only in the absence of 
electric and magnetic forces. This means that gravitational and electro- 
magnetic phenomena must be intimately related since the existence of 
gravitation becomes dependent on the electromagnetic field. Thus we 
secure a real physical unification of gravitation and electricity in the sense 
that these concepts become but different manifestations of the same funda- 
mental entity—provided, of course, that the theory shows itself to be 
tenable as a theory in agreement with-experience. 

Equations of preceding notes will be referred to by prefixing the serial 
number of the note to the number of the equation in question. 

1. In the statement of the existence theorem which we shall deduce 
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the components hi, are divided into groups which exhibit different degrees 
of arbitrariness; for the purpose of exposition we shall presuppose this 
fact by dividing these components into suitable groups in accordance 
with the following 

Rute: The group G, (o = 0, 1, 2, 3) for the components hi, is composed 
of all components that can be formed from hi, by taking a = o + 1 and 
i = 1, 2,3,4. There are four components h’, in G, and we shall denote 
these components by P;, when reference is had to their division into groups. 
In an analogous manner the following rule will be selected to divide the 
components hi, into groups. 

Rute: The group ©,,(m = 0, 1, 2) for the components hi, is composed 
of all components that can be formed from hip by taking kk = m + landi,j = 
1, 2, 3, 4 subject to the inequality] >m +1. If there are K,, components 
hi, in group G,,, then 

Ky = 12 — 4m. 


We shall denote the components Nig in group G,, by Kim, where] = 1, ..., 
K,,. It should be observed that the groups G and @ are mutually ex- 
clusive; also that the elements K;,, in any group @,, are independent, 
i.e., unrelated by equations of the type J (4.10). 
2. In terms of the notation introduced in Sect. 1 equations I (4.5) 
can be written 
OP; 


OP;, 
= —# P°K, 2.1 
or ee (2.1) 


¢ = 1], 2,3,4 
e=1,2;3 
ee Pee 


where the >) denotes a homogeneous polynomial, quadratic in the P;, and 
linear in the K;,,; also the inequalities 1 < o, u < v are satisfied by the 
indices in these equations. 

Now consider equations II (2.4), i.e., 


Wien + Weng + Mije = 2Uing Mitr + Wine Wi + Wing We). (2.2) 


Putting k = 2 and/ = 1 in (2.2), these equations show that hj, for 
j > 2 can be expressed in terms of derivatives of the K;, plus a quadratic 
polynomial in the K;,,. If the contravariant vector component hi ~ 0 
and if R(P) denotes a rational function of the potentials P;,, these latter 
equations can be given the form 


OKn _ 
xt 


bo bo 


OK pq 
Ox” 








> R (P) +> RK 


where / = 1. .... 8 and the inequalities g < 1, v > q are satisfied. More 
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generally, it can be observed that the system of equations (2.2) can be 
written 


OKim OK ‘i 
—" = > R(P) — + R(P) K?, (2.3) 
Ox Ox ; 

m = 1,2 

= 1, 1» Ky 

a = 1, »>m 


provided that the quantities 


| 28 oA ft 
| hs he | 
a Ea ae 
5 | hi hi | 


constructed from the hf components do not vanish; the inequalities 
q <= m,v> qare also satisfied by the indices in (2.3). 
3. When account is taken of the field equations 


A,hi,n = 0 (3.1) 


the form of (2.3) will remain unchanged, provided that an arrangement of 
the components hi, into new groups @,, is effected. To see how this is 
















































































Ox! ox! ox! ox! Ox! Ox? Ox! Ox? 

123 hy 0 —hi 0 —h3 —h§ 0 0 
124 0 hi 0 —hi —h} —h3 0 0 
134 —hi hy 0 0 0 0 —h} —h? 
234 0 0 —h} hi 0 0 —h} —h3 
j=1 hi hi 0 0 hh he 0 0 
j=2 0 0 hy hi hi ht 0 0 
j=3 hi 0 —h} 0 0 0 hi 2 
j=4 0 ee. —h} 0 0 —i —h3 

TABLE 1 


brought about we consider the four sets of equations (2.2) corresponding 

to 7k} equal 123, 124, 134 and 234, respectively; likewise the four sets 

of equations obtained by letting 7 have the values 1, 2, 3 and 4 in (3.1). 

The equations so obtained can be solved for the following derivatives 
Oh, Ohi, Oks. Oh» Ohi, Ohh, Ohi, Ohi, 











Ox!’ Ox!’ Ox!’ Ox!’ Ox!’ Ox?’ Ox!’ Dx?’ 
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We have, in fact, indicated the determinant formed by the coefficients 
of the above derivatives in Table 1 which is so constructed that (1)each 
row corresponds to an equation of the system, namely, an equation (2.2) 
or (3.1) determined by the indicated values of 7 k / or j, respectively, and 
(2) the elements / in any column are the coefficients of the derivatives 
at the top of this column. 

By an ingenious method J. M. H. Wedderburn*® has shown that the 
determinant in Table 1 is equal to the product of two fourth-order con- 
jugate imaginary determinants. This leads to the easy reduction of this 
determinant to the form 

2 
\ (3.2) 


4 3 
(= ey Ny it) { 
k=1 


I shall take this opportunity to express my thanks to Professor Wedder- 
burn for this contribution. 

Let us now denote the components his in the four sets of derivatives 
in the first four columns of Table 1 by Kj, and the components hj, in the 
two sets of derivatives in the last four columns of the table by K},; we 
indicate this readily by the following schematic arrangement 


2 


ma 


hy hy 


hshs 
hihi 














> 


i t i i 
"alias hs, hy, 3,29 [4,2 
* i i 
Kis oe hy, hs, 3. 


All independent hj, are included in the components K*. There are 
x = 16 components Kn, and x. = 8 components Kis, to introduce a 
notation corresponding to that employed in Sect. 2. In terms of these 
designations it is therefore clear that if the expression (3.2) is different 
from zero, equations (2.2) and (3.1) can be put into the form 
* * 
Ke aR) Sayer ReK. 3a) 
Ox Ox” 


m = 1,2 
| se SS oy: 
eNO Me Bg aici ME 


where the inequality v > q is satisfied by the indices in these equations. 

4. The system composed of (2.1) and (3.3) is harmonic in the sense 
of Riquier.4 Moreover, this system is completely integrable. To see 
this let us observe that if we form the conditions of integrability we obtain 
a system R involving the following quantities 


OP;, a P; 


iu? “Oy”? du” dx (ese) 
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v, § 


1, 2, 3,4; » = 0, 1, 2,3 
1,2 4;v2 








= 1, 2, 3, 4; é; %, E> p 
/, = re. 
<i Koo wa Ox” at cm) 


ts = 1,2; p=1,...,Ke 

v,& = 2,3,4; v = &; ae 

Now it can be shown that the components hi, and also that, subject to the 
condition of symmetry in their lower indices, the components Aj, and Aj,s 
can be assigned arbitrary values at a point Q of the space;> moreover, 
arbitrary values can be assigned to these quantities at Q irrespective of 
the values at Q of the quantities in (4.1b). The number of arbitrary 
quantities hi,, Ag, and Aj,; is therefore equal to 136, and since these quan- 
tities are determined by the quantities in (4.1a), it follows that there can 
not be less than 136 of the quantities in (4.la) to which arbitrary values 
can be assigned at the point Q. There are also 24 arbitrary quantities 
K;, in (4.1b). Now in Note II we established the expression 


16K(3, r + 1) + 8K(2,r + 1) 


as a lower bound to the number of arbitrary derivatives of the (r + 1)st 
order of the quantities hi,. We deduce from this that no less than 184 
of the derivatives of the K;, in (4.1b) can have arbitrary values at Q. 
Hence 136 + 24 + 184, or 344, is a lower bound to the number of arbi- 
trary quantities in (4.1). Now 344 is also the number of arbitrary quan- 
tities in (4.1) as deduced by actual calculation based on the admissible 
ranges of the indices of these quantities. It follows, therefore, that all 
quantities in (4.1) can be given arbitrary values at a point Q of space 
and hence that the above system R, giving the conditions of integrability 
of (2.1) and (3.3), must be satisfied identically. This gives the following 
EXISTENCE THEOREM: Let 


Bi.(x°*?, x‘) 2G"... 
[é = 1, 2,3,4; o = 0, 1, 2,3]| [m = 1,2; 1 =1,..., Km] 


denote sets of functions of the variables x°*', ..., x* and x"*, ..., x4, re- 
spectively, analytic in the neighborhood of the values x* = q* of their argu- 
ments; furthermore the ;, are subject to the condition that at x* = gq the 
corresponding determinant |hi,| and the expression (3.2) do not vanish. 
Then there exists one, and only one, set of potentials hi, in a system of co- 
ordinates x“, each function hi(x) being analytic in the neighborhood of the 
values x* = gq", which constitutes a set of integrals of the field equations (3.1) 
such that 
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Pio as Bio (ac* ae sr? or) 
[¢ = 1, 2, 3, 4] 


Fas - Bie (tt, £9. BG s*) Kin - Rim git, oe FF ss‘). 
é = 1,2,3,4;¢=1,2,3]|[m = 1,2;) = 1,....Ke 
iva. wad xi= gi ..., x2" = q” 
5. Let us denote by S;, a k dimensional surface in the four dimensional 
space S,, and consider the three surfaces S,, S2, S; defined by 








S3: x! = o(x?, x8, x4) 
Sy et = o(x?, x’, x4) 

, at = ¥(x?, x!) (5.1) 
Si:§ x? = P(x, x4) 

( w? = w(x4), 


where the functions ¢, ¥, w are analytic in the neighborhood of some set 
of values x' = g' of the codrdinates; as so defined any surface S; is con- 
tained within the surface S, provided that the inequality 1<k is satisfied. 
We shall take the above surfaces 5;, S:, S; and the surface S,, or four 
dimensional space itself, as those surfaces which “bear” the data in our 
problem. In other words, we now assign the P;, over the surface S,_, and 
the K;,, over the surface S,;—m as shown by the scheme 


Over S,_,: Over Sym: 
Pig = Bie (0°77, «. 4524) | Kim = Sim (@"**, 0.424), (6.2) 


[i = 1, 2,3, 4; o = 0, 1, 2,3] | [m = 1,2; 1 =1,..., Kn] 


where the $ and * are analytic functions of the indicated surface co- 
ordinates. _ 
Now let ¢’ denote the coérdinates of a point on the surface S; and make 
the transformation 
y=exi+g Paexst—y, y= x —w, yy! = xt — gt (6.3) 


so that the above surfaces 5S, So, S3; become 


i S33 y! = 0 
1 = 
(27! 
4 (5.4) 
yi = 0 
Si} y? = 0 
{ y® = 0. 





In order that the existence theorem of Sect. 4 may apply it is necessary 
that the data given for the x coérdinate system be determined with respect 
to the y coérdinate system over the surfaces S. It is obvious that the 
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absolute electromagnetic forces will be so determined since these quan- 
tities, i. e., Kj», are absolute invariants under codrdinate transformations. 
If we denote the components hi, by /, with respect to the y codrdinate sys- 
tem, then the components /;, in group G, are likewise determined over the 
surface S,_,. In connection with the demonstration of this fact we lay 
down the following: 

DEFINITION: A group of components G which is related by a transforma- 
tion .T to the corresponding components in groups G of the same and lower 
serial order, will be said to be closed with respect to the transformation T. 
Since the groups G, are closed with respect to the transformation (5.3) 
in this sense, the above statement, namely, that the components I, in 
group G, are determined over the surface S,_,, is immediately evident. 

Let us now put 

@ = x} — o(x?, x3, x4), W = x? — (x3, x4) 
Q = x° — w(x), F = xt — gq! 


and consider the equation 





a (5.5) 
ox ox? o 


" 








in which the g** denote the ordinary contravariant components of the 
fundamental metric tensor, i.e., 
4 


gh = Ye hi hp. 


k=1 
Under the transformation (5.3) the left member of (5.5) becomes an 
expression in the /, having the form of the first factor of (3.2); similarly 
the left members of the two equations 




















A 1 Rl oe oe . 

X= & |W ik| oe ot = ° (6-60) 
and 

. & |B Oe OF * 

ZX & |r| oe Oe = spun 











assume a form in the components /), corresponding to the first and second 
determinants in the last factor of the expression (3.2). ,Suppose that the 
equation (5.5) and at least one of the equations (5.6), ie. (5.6a) or (5.6b), 
are not satisfied over the surface S|; then take the above-mentioned 
point on S; with codrdinate g* occurring in the transformation (5.3) to 
be a point on S; at which the left member of (5.5) and the left member 
of either (5.6a) or (5.6b) do not vanish. The existence theorem of Sect. 4 
will then apply with respect to the y coérdinate system and on the basis 
of this application the following existence theorem can be stated. 
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EXISTENCE THEOREM: Consider a set of three surfaces Si, Se, S3 defined 
by (5.1) and a set of analytic functions $3 and R* defined over these surfaces 
and the four dimensional space S; as represented by (5.2), the functions 
being subject to the condition that (1) the corresponding determinant | hi | 
does not vanish over S;, and (2) the equation (5.5) and either equation (5.6a) 
or (5.6b) are not satisfied over the surface S,;. Then there exists one, and 
only one, set of potentials hi, in a system of coérdinates x*, the hi, (x) being 
analytic functions of the x* codrdinates, which constitutes a set of integrals of 
the field equations (3.1) such that the quantities P;, and Kjm assume the as- 
signed values $ and K* over the surfaces S. 

6. Equations (5.5) and (5.6a) satisfied over a curve 5S, are invariant 
under coérdinate transformations. It is possible, however, to make an 
orthogonal transformation of the fundamental vectors, i.e., a transforma- 
tion of the form 


+i = aj ht, (6.1) 


so that with respect to the *h potentials an equation of the type (5.6a) 
will not be satisfied over the curve 5S;.° Equations (5.5), on the other 
hand, remain invariant in form under an orthogonal transformation (6.1) 
of the fundamental vectors. A curve S; over which the equation (5.5) 
is satisfied, will be called a characteristic line with respect to the surface Ss. 
Those surfaces S; over which the equation (5.5) is satisfied will be called 
characteristic surfaces; they are analogous to the characteristic surfaces 
determined by the wave equation as mentioned in the introduction to 
this note, and must therefore be expected to represent the wave surfaces 
in the present theory. 

By a formal process based on the general theory of characteristic surfaces 
as developed by Volterra and Hadamard, it was recently shown by Levi- 
Civita’ that an equation of the form (5.5) determines the characteristic 
surfaces for the Einstein gravitational equations in regions free of matter; 
the existence theorem for the equations of Einstein, however, was not 
established by Levi-Civita. An investigation of the characteristic sur- 
faces determined by the field equations (3.1) will be undertaken in a 
later communication. 


1 Previous notes on the Unified Field Theory have appeared in these PROCEEDINGS, 
16, 761-776 and 830-835 (1930). 

2 A. Einstein, ‘‘Die Kompatibilitat der Feldgleichungen in der einheitlichen Feld- 
theorie,’”’ Sitzungsberichte preussischen Akad. Wissenschaften, 1930, 18-23. 

3 Wedderburn’s method is as follows: For simplicity the revised notation 


hg 
hi 


a=h,p=hi,y = hi, 6 
a hi, b = hi,c = h3,d 


is introduced. Then (1) if we rearrange the rows and columns, and (2) if we multiply by 
—1 certain of the rows and columns in Table 1, this table assumes the form represented 
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by Table 2. Denoting ee 1 by 7 as usual, we now add / times each even column to the 
preceding odd column in Table 2 and then subtract 7 times each odd row from the pre- 
ceding even row. Table 3 shows the result obtained. By an obvious rearrangement 
of rows and columns Table 3 assumes the form given in Table 4, which shows that the 
determinant of the elements in Table 1 is equal, apart from algebraic sign which we have 
disregarded, to the product of two-fourth order conjugate imaginary determinants. 
Expansion of the fourth-order determinant in the lower right hand corner of Table 4 
shows that this determinant has the value 


(a? — p? — y* — 8%)[(aB — ba) + i(cd — dy), 


Taking the absolute value of this expression, the expression (3.2) is obtained. The 
fact that (3.2) and the determinant formed from the elements in Table 1 have the same 
algebraic sign is easily observed by replacing the hf by Kronecker’s df in (3.2) and Table 1. 
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4 C. Riquier, “De l’existence des intégrales dans un systéme differential quelconque,”’ 
Annales de l’ecole normale superieure, serie 3, 10 (1893), pp. 65-86; Ibid., 123-50. 
Two of the three conditions in Riquier’s definition of the harmonic system are obviously 
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satisfied for the system composed of (2.1) and (3.3). To show that the third condition 
Hae ae f : Ee * ; a 
is likewise satisfied we assign to each of the quantities x“ , P;,, and K;,, a single “cote 
in the following manner: 

x* has the ‘‘cote” —a, 


Pj, has the “cote” ga, 
x. has the “cote” m. 


Then (¢ — r) and (m — a) are the ‘‘cotes” of the derivatives in the left members of the 
equations (2.1) and (3.3), respectively; similarly (m — a) and (g — v) are the ‘‘cotes’”’ 
of derivatives in the right members of these equations. Hence 


(o —7r)—(u—v)>0, (m — a) — (q—v) >0, 


sinceeo —7r 20, m—a 20,u—v< 0, andg—v<0. The system composed of 
(2.1) and (3.3) is therefore harmonic in the sense of Riquier. See also T. Y. Thomas, 
“Invariantive Systems of Partial Differential Equations,’ Ann. Math., 31 (1930), 
687-713; and Ibid., 714-726. 

5 For an analogous proof, see T. Y. Thomas, ‘“‘A Theorem Concerning the Affine 
Connection,” Am. J. Math., 50 (1928), 518-520. 

6 We have 

(the “8 — *he *h 6) <- [ ne — heh = oF ata, (a) 


in which the expression in brackets in the right member is assumed to be taken at a 
point P on S;. Now assume that the left member of (a) is linearly dependent on the 
independent polynomials of the set 
4 
ee a} ak — & of. (b) 
k=1 
Then we can write 


B ob ov) : p ky ak gl : kk 
(hi Wt — WE Wh) Xa Sep | 81 ta = Dy (AP ee 87) ap ag — DY ee AM, 
m k=1 k=1 


where the A?? are constants. Equating coefficients, we obtain 


ob OV 


D4 oa k 
4 = dx2 OxP Ae, a, 


(ng hp — he 


where A is aconstant. Putting k = / in this last equation we see that A must vanish. 
Hence we can deduce that 


Oxe OxB ~—OxB Oxa 
In other words the rank of the matrix 


OP OF OF of 
Ox! Ox? Ox* Ox! 
ov oY dv oF 
Ox! Ox? Ox® Oxt! 


is less than two at P. However, this is not possible since the above matrix is seen to 
have the form 
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when account is taken of the functions and y in Sect. 5. Hence at a point P on S, 
the right member of (a) is linearly independent of the independent polynomials of the 
set (b). It is therefore possible to choose the valties of the constants a, so that ata 
point P on S, the right member of (a) and the independent polynomials (b) can have 
independent values; in particular, the constants a}, can be so chosen that the right 
member of (a) will be different from zero while all expressions (b) vanish. This proves 
the statement in Sect. 6 that by making a suitable orthogonal transformation (6.1) of 
the fundamental vectors, the expression in the left member of (a) can be given a value 
different from zero over the curve 5). 

7T. Levi-Civita, ““Caratteristiche e bicaratteristiche delle equazioni gravitazionali 
di Ejinstein,’’ Rendiconti Accad. Lincei, 11, 1930, pp. 1-11; Jbid., pp. 118-121. In 
this connection, see also T. Y. Thomas, ‘‘On the Existence of Integrals of Einstein’s 
Gravitational Equations for Free Space and Their Extension to m Variables,’’ these 
PROCEEDINGS, 15 (1929), pp. 906-913. 


QUANTUM-MECHANICAL MOTION OF FREE ELECTRONS IN 
ELECTROMAGNETIC FIELDS 


By E. H. KENNARD 
DEPARTMENT OF PuHysIcs, CORNELL UNIVERSITY 


Communicated November 25, 1930 


The motion of an electron in an electric or magnetic field was treated 
quantum-mechanically by the author and by Darwin for the case of a 
certain type of wave-packet in a uniform field..? Later writers**> have 
concerned themselves for the most part with the energy and the character- 
istic functions, which are needed for radiation problems. In this paper 
formulas are obtained by the Ehrenfest method for the motion of the 
centroid of any packet in an electromagnetic field of general type, the 
field being treated in the usual way as a perturbing term in the Hamiltonian 
function for the electron. Only the non-relativistic case is considered, 
based upon Schrédinger’s equation; for the Dirac electron the usual 
method of approximation leads to this same equation plus terms expressing 
the spin effect,* but the attempt to justify the approximation for such 
purposes encounters an extraordinary difficulty that seems to be connected 
with the ‘‘negative energy’’ problem and has not yet been overcome. 

The general result obtained below is that in a uniform electric and 
magnetic field the packet-centroid moves as the electron should move 
according to classical theory, while in non-uniform fields its acceleration 
is a kind of average of the classical value. 
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The Hamiltonian for an electron in an electromagnetic field, in which 
for generality we shall include an extraneous potential-energy function 
V(x, £), can be written: 


1 
= = (p-£a)(p-£a) + e+ ¥, (1) 
2m Cc 4 Cc 


where e = algebraic charge, m = mass and p = vector momentum of the 
electron, A = vector and ¢ = scalar potential of the field, and c = speed 
of light. In this form H is ‘‘symmetrized,” i.e., it retains its value when 
turned end for end with reversal of the order of all factors; such a form 
is necessary in order to secure harmony with classical theory on the macro- 
scopic scale, except when the field satisfies everywhere the condition, 


div A = —(1/c)(0g/0t) = 0. We then have as wave-equation: 
ow ( a) ) é e : 
—~e— = Hle—,q,?t = — Ay — — [div (A A:V 
“oe a 4 2m ¥ ee ¥) + v] 


+ egy + Vy, (2) 
n which ¢ = h/2nzt. 
The coérdinates of the electron being denoted by x, (or simply x in 
V (x, £), ete.), those of the ‘‘centroid’’ of the wave-packet are defined by 
oc P i y*x,pdx, k= : 2, 3, (3) 


where dx = dx,dxedx; and y* is the complex conjugate of y. The value 
of d*z,/dt? can be calculated by a two-fold application of (2), but the work 
gains greatly in brevity and clarity if we first collect a few logarithms for 
integrals such as (3) and then proceed algebraically until the end is reached. 

In general, if f(p, g, t) is any measurable function of the codrdinates, 
moménta and time, its mean expectation of value is 


Clearly if g(p, g, ¢) is any other such function, or if b is a constant, then 
fte=ft eof = bf. (5) 


For the time derivative we have, using Schrédinger’s equation in terms of 
the Hamiltonian H(p, q, 1), 


27Ga0= f(v p% 4 Vt yd Ni -fvz = dq. 
-1 forpa(2 qt t) ¥da + = fx (-.2 = 1) v* | faa. 














60 PHYSICS: E. H. KENNARD Proc. N. A. S. 


In the last integral let us “roll” (‘‘walzen’’) H off of y* by integrating 
by parts and rejecting each time the integrated part. Being symmetrized, 
H is thereby unaltered in form, but the repeated changes of sign result in 
replacing —e0/0q by +€0/0q, so that we find: 


srr Sfele( Se ode) ro) 
H(«2 x % Noa + fot (e2 > Gt t) vd (6) 


The bracket in the first integral in (6) we now recognize as a familiar 
bit of g-number or matrix theory; we can evaluate it in the usual way, 
before forming the differential operators, by an algebraic manipulation 
in which we treat the p’s and q’s as variables that fail to commute only 
when a p meets its own g, in which case 


p i = ne (7) 
195 —~ UP; = 4 since ig ae = 1. 

Pidi — 4 ae, Gi — 4 oo q 
In this way one finds, upon substituting q;, p; and n(q, ¢) in turn for f: 


fe he . 
es: .! . (8) 


5 1a) = Leo (22): 3)? ae (9) 


on O 
in which (5 =) H is to be calculated for each term of H by replacing 


each p} in it in succession by 0n/0g, and adding the results, while the 
first derivative in (8) is calculated by replacing each p} by 1. 
Equations (8) throw into vivid relief the approximate agreement of 
wave and classical mechanics for cases in which we can neglect the finite 
size of the packet and deal only with the averages. 
Substituting now x, for g; and H from (1) in (8) we have: 


d — 1 — — 
ee. Oe ee = ile 
dt m cm ; 
d — 0% OV e E ( e ) (0 ): al 
—pp = —- €——-— — + — I = (Pp — -A — “A 
dat ” t Ox, OX, + 2cm |_ Ox, P c + Ox, 
where in the second equation, as likewise in the following three, we have 


for simplicity left the averaging-bar to be understood as drawn over the 
entire right-hand member. Replacing 7 in (9) by A,(x, ¢) we find also 
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a 1 é é OA, 
le I N ee. a ee poss J 
oan 5 | Ay (> a) +(p “A) was) | +% 





Th ie 1d— é-d x Sat 2 Ge ae 8 e OA, 
n = -—eo = eer ae see eee ee > —_—_ 
r dt? a mdt'  cmdt m OX, m Ox, cm Ot 
e OA e e OA 
— -VA —-A —-A — — VA, }|: 
cae Ox, ‘) (> ¢ )+(P ¢ ) = .)| 
Now the electric field-strength is E = —Vy — (1/c)(0A/Ot) while the 


components of 0A/0x, — VA; reduce either to 0 or to components of the 
magnetic field-strength H = curl A, with or without a minus sign; and, 
in accordance with (7), 


(2 — vs) - (= - vas): di (= vAx) 
p aie Soe p = ediv he ae 
We thus find, upon returning to the explicit integral form, in vector no- 
tation, 
q@d- - h e 
—x=V= . — —Ay )d 
dt . fo (vv cm v) i ie 
d* - 1 
—x = — ~ [vv yas + © [yrEvas 
dt? m m 
e h 
+— | (sa9 vy - < ay) x Ht | yax 
cm 2rim 


—f y*(V div A — V°A)ydx. (11) 








wo 


The last integral in the second of these equations is obviously imaginary; 
it merely serves to remove the imaginary part of the preceding one, as 
can be either verified directly or inferred from the obvious reality of all 
other terms in the equation. We might omit it and write simply: 


d* — 1 e 1 a 4 
seats mJ vv vias + = fe [B+ 2 (ing “ie 


-£a)xu] ydx (12) 
cm , 





where (R) means that only the real part of the integral following it is to 
be taken. The expression 


SR ee ee ae 
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Tees | 
2rim y 





ts inh 
cm 


can be interpreted as the ‘‘velocity of the probability,’’ whose mean value 
is v;_ the second integral in (12) is then: simply the mean value of the 
classical force per unit charge, E + vXH/c. 
When the electric and magnetic fields are uniform we have further 
JS V*Evdx = E, etc., so that 
ea= + fyvvart+*(e+v xu) (13) 
dt? m m c 


which is classical in terms of the electromagnetic field. This result has 
some importance as indicating that deflection methods of observing e/m 
will yield correct results when evaluated by the classical formulas. — 

1 Kennard, E. H., Zeits. Physik, 44, 1927 (826-352). 

2 Darwin, C. G., Proc. Roy. Soc., 117, 1927 (258-297). 

3 Rabi, I. I., Zeits. Phys., 49, 1928 (507-511). 

4 Alexandrow, W., Ibid., 56, 1929 (818-837). 

5 Page, L., Phys. Rev., 36, 1930 (444-456). 

6 Cf. Eckart, C., [bid., 36, 1930 (1514-1515); Kennard, E. H., Jbid., 36, 1930 (1667- 
1668). 


REMARKS ON A PAPER: NOTE ON THE NATURE OF COSMIC 
RAYS, BY PAUL S. EPSTEIN 


By CARL STORMER 
OsLo, Norway 


Communicated December 5, 1930 


In a recent paper, ‘“‘Note on the Nature of Cosmic Rays,” in the Proc. 
Nat. Acad. Sci. of the United States of America, October, 1930, Paul S. 
Epstein solved a problem concerning the motion of electrons in the field 
of an elementary magnet without being aware that this problem was 
solved as early as in the year 1904 in my first paper on the Polar Aurora.! 

In fact, in the case of the Aurora, we meet exactly the same problem, 
viz., to find the regions of the earth which can be hit by electrons coming 
from very great distances. Thus Epstein’s equation (11) corresponds 
to my equation (V, 1) and his equations (14) and (15) correspond to my 
equation (C, y, k) on page 11 of my paper. A discussion of these equations 
was published in the above-mentioned paper and with further details in 
my Geneva paper? of 1907, which also contains the discussion made by 
Epstein, especially his inequality (18), where 1 + sin? 6 is erroneously 
printed instead of 1 + sin® @. 
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A list of approximate maximum values of the angle 6% will be found 
in my second Geneva paper® (1912), in the table at the beginning of §19. 
In that table I have found, e.g., the corresponding values of 6? and 
V = Ha: 


16° 291,000 and 30° 3,150,000 
17° 368,000 31° 3,550,000 
18° 460,000 32° 3,980,000 


in agreement with Epstein’s results. 

A complete discussion of the regions of the earth hit by the cosmic 
rays, and also a study of the trajectories of these rays down to the earth 
can be made exactly on the same lines of research as those which I have 
developed in my mathematical theory of Aurora.**®%’ 

In particular, the surface given in Epstein’s paper 





f\} __sin’é 
N\A} 14+ V1 4+ sin 
is nothing else than the toroidal surface playing such an essential part in 
my explanation of the wireless echoes of long delay.** 


1 Carl Stérmer, “‘Sur le mouvement d’un point matériel portant une charge d’élec- 
tricité sous l’action d’un aimant élémentaire,’’ Videnskabsselskabets Skrifter, 1904, 
Christiania. 

2 Carl Stérmer, ‘‘Sur les trajectoires des corpuscules électrisés dans l’espace sous 
l’action du magnétisme terrestre avec application aux aurores boréales,’’ Archi Sci. 
Physiques et Naturelles, Genéve, 1907. 

3 Carl Stérmer, “Sur les trajectoires des corpuscles electrisés dans l’espace sous 
l’action du magnétisme terrestre avec application aux aurores boréales, ete.,’’ second 
memoire, Genéve, 1911-1912. 

For American readers I give the following references: 

4 Carl Stérmer, ‘‘Corpuscular Theory of the Aurora Borealis,’ Terrestrial Magnetism 
and Atmospheric Electricity, March and September, 1917. 

5 Carl Stérmer, ‘‘The Corpuscular Theory of Aurora Borealis,” the book of the 
opening of the Rice Institute, 3, Houston, Texas, 1917. 

6 Carl Stérmer, ‘‘Twenty-five Years’ Work on the Polar Aurora,” Terrestrial Magne- 
tism and Atmospheric Electricity, December, 1930. 

Together with: 

7 Carl Stormer, ‘‘Periodische Elektronenbahnen im Felde eines Elementarmagneten 
und Ihre Anwendung auf Briiches Modellversuche und auf Eschenhagens Elementar- 
wellen des Erdmagnetismus,” Zeits. Astrophysik, November, 1930. 

8 Carl Stérmer, ‘“‘Kurzwellenechos die mehere Sekunden nach dem Hauptsignal 
eintreffen, und wie sie sich aus der Theorie des Polarlichtes erklaren lassen,” Die Natur- 
wissenschaften, August 16, 1929, 17, p. 643. 

® Carl Stérmer, “‘Do the Wireless Echoes of Long Delay Come from Space Outside 
the Moon’s Orbit?’’ Proc. Roy. Soc. Edinburgh, 50, Part II, No. 16, Edinburgh, 1930. 
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THE PRODUCTION OF HIGH SPEED CANAL RAYS WITHOUT 
THE USE OF HIGH VOLTAGES 


By ERNEST O. LAWRENCE AND Davip H. SLOAN 
DEPARTMENT OF PuysIics, UNIVERSITY OF CALIFORNIA 


Communicated December 15, 1930 


Studies of collision processes involving electrons, ions and atoms have 
had an important part in the advances of our knowledge of the structure 
of matter and its interaction with radiation. Apart from studies with 
radioactive rays, such experimental investigations have been confined 
largely to impact processes involving kinetic energies of the order of magni- 
tude of 100,000 volt-electrons and less. The investigation of the proper- 
ties of high speed electrons and ions remains, therefore, a most fascinating 
field yet to be explored by the experimental physicist. 

Though studies in the region of low energies have been so fruitful and 
have indicated the importance of knowledge of high energy collision proc- 
esses, little progress in this direction has been made because of experi- 
mental difficulties. The chief difficulty concerns the production of the 
high speed corpuscles. The straightforward method of accelerating 
charged particles through requisite differences of potential presents great 
difficulties associated with the high electric fields necessarily involved. 
Apart from obvious troubles in obtaining high potentials with proper 
insulation, there is the problem of development of a vacuum tube suitable 
for the desired high voltages. In several laboratories’”** excellent 
progress has been made toward overcoming these difficulties, and indeed 
vacuum tubes have actually been developed which have been able to 
withstand potentials of the order of magnitude of one million volts. This 
technique, however, involves equipment so elaborate as practically to 
confine the work to a few laboratories in the world. 

There is consequently a great need for the development of methods for 
the production of high speed particles not requiring high voltages and which 
therefore are free of the technical and practical difficulties that accompany 
high voltages. The present paper is an account of the first stage in such a 
development. 

The fundamental principle of the methods we are developing was first 
demonstrated by Wideroe,’ who obtained in a vacuum tube potassium 
ions having kinetic energies corresponding to twice the maximum voltage 
applied to the tube, which was about 25,000 volts. In the present work 
mercury ions having kinetic energies of over 200,000 volts have been 
obtained in a tube in which the maximum applied voltage was about 
10,000 volts. As will become apparent below, much higher speed canal 
rays can be obtained using this technique. 
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A description of the experimental arrangement will make clear the im- 
portant features of the method. A series of metal tubes arranged in line 
(labeled accelerator tubes in figure 1) are attached alternately to the in- 
ductance of a high frequency oscillatory circuit. A high frequency voltage 
applied in this manner produces at any instant electric fields between 
successive accelerator tubes of opposite direction and equal magnitude. 
If at one instant an ion finds itself between the first and second tubes it will 
be accelerated into the second tube, and if the time consumed in passing 
through this tube is equal to the half-period of the oscillator it will arrive 
between the second and third tubes with the field reversed in direction in 
such a manner that it will receive an additional acceleration on passing 
into the third tube. Each time the ion passes from the interior of one 
tube to the interior of the next it will gain energy proportional to the 
potential difference between the tubes. Hence if the tubes are made 
successively longer in the proper way (the square root of integers times 
the length of the first tube), for every frequency of the applied oscillations 
there will be a corresponding voltage such as will cause the ion to move 
up through the series of tubes in synchronism with the oscillating field, 
gaining between each pair of tubes an increase in kinetic energy corre- 
sponding to the applied potential difference. 

This arrangement is not applicable to speeding up electrons to high 
kinetic energies because of the high speeds involved. Too long tubes would 
be required for obtainable frequencies of oscillation. Even for protons the 
requisite length of a series of tubes becomes hardly practicable, but in this 
instance we have overcome the difficulty by causing, with the aid of a 
magnetic field, the protons to traverse circular paths back and forth be- 
tween semicircular hollow plates upon which a high frequency voltage is 
applied. This scheme is being developed at the present time in this labora- 
tory and has been described already. The method described in the 
present paper is quite ideal for the heavier ions. So far we have experi- 
mented with mercury ions only. 

The first experimental tube contained eight accelerating tubes in line, 
thereby giving a theoretical amplification of eight-fold. It was eminently 
successful in demonstrating the passage of ions through the tubes, when 
accelerated by the proper voltage and frequency, and their emergence 
from the final tube with the theoretically expected velocity. Electrostatic 
deflection of the emergent beam showed that some of the ions had kinetic 
energies of as much as 90,000 volt-electrons when slightly in excess of 
11,000 volts high frequency was applied to the accelerators. The ion 
currents in this instance were of the order of magnitude of 10~* ampere. 

The satisfactory performance of the first tube having been demonstrated, 
thirteen more accelerating tubes were next added to the original eight, 
making twenty-one accelerators in all. The constructional features of the 
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enlarged tube are shown in some detail in figure 1. The lower part contains 
a filament and a cylindrical anode with the end near the filament covered by 
a gauze. Mercury vapor at a pressure of slightly less than 10-* mm. of 
mercury pressure was maintained in this region so that with the anode 
about 200 volts positive to the filament, a copious supply of mercury ions 
was formed in the interior of the anode. Next to the anode was placed a 
canal tube kept about at the filament potential. Positive ions were thus 
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FIGURE 1 
drawn from the interior of the anode up through the canal to the series of 
accelerating tubes. A steady d.c. potential of proper amount (2000 to 
10,000 volts) accelerated the ions into the first of the accelerating tubes. 
The first accelerator had a length of 1.07 cm. Succeeding tubes were of 
increasing lengths, the last being 4.9 cm. long. All the tubes had the same 
diameters, 4 mm., and were made of nickel. The first eight were spaced 
from 1 to 2 mm. apart, while 4 mm. spacing was used on the last thirteen 
accelerators. Of course the lengths of the tubes were reduced below the 
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calculated values by the amounts of the spacing. Beyond the exit end of 
the tubes was placed a pair of deflecting plates 10 cm. long and 0.5 cm. 
apart, and further on was the collecting plate which was attached to an 
electrometer. The collector was screened by a surrounding gauze as was 
also the region of the deflecting plates. 

The tube was first tried out using 118 meter oscillations on the accelera- 
tors. No accurate means was at hand for measuring the impressed high 
frequency voltages, but it was possible to make rough estimates from the 
voltage impressed on the oscillator tube. The oscillator tube was a 
75-watt radiotron UX-852, the plate of which was supplied with a. c. exci- 
tation from a 110- to 10,000-volt transformer. It may not be out of place 
to remark that though the rated plate voltage of the UX-852 is 2000 
volts, we found that the tube could withstand up to 15,000 volts. As the 
high frequency voltage impressed on the accelerators was raised, as indi- 
cated by the voltage impressed on the primary of the transformer, no 
current was picked up by the collector up to a certain point. Beyond this 
point the current rose rapidly with increasing voltage to a maximum, 
decreasing for higher voltages. This is shown by curve A of figure 2. 
Curve B shows a similar current variation with voltage for 85 meter os- 
cillations. In both cases the ordinates record the currents to the col- 
lector corresponding to various high frequency voltages applied to the 
accelerators given by the abscissas. There are two maxima in evidence 
along curve B, one for a voltage near 3000 volts and another much higher 
maximum near 6000 volts. The higher maximum is interpreted as 
due to singly charged mercury ions, and the lower voltage maximum is 
attributed to doubly charged ions. A maximum produced by doubly 
charged ions when 118 meter oscillations were used was looked for later 
and found at the expected voltage. 

Because no means was at hand to measure the high frequency voltages, 
it was assumed that such voltages were proportional to the plate volt- 
ages on the oscillator tube, which in turn were proportional to the volt- 
ages applied to the primary of the high voltage transformer. The volt- 
age scale was calibrated on the assumption that the primary voltage 
giving the higher peak of curve B produced the calculated synchronizing 
voltage on the accelerators, i.e., 6200 volts. Such a procedure contains 
fairly large errors for the efficiency of the oscillator varies with wave-length, 
principally because of power loss to resonating circuits in the room, and 
the transformer voltage amplification ratio varies with the voltage on the 
primary. Since the power drawn from the transformer was less than 10 
per cent of its capacity the latter source of error was not very large. De- 
spite these sources of error this method of estimating the voltages is satis- 
factory to the extent that it will reveal the important features of the phe- 
nomena produced by the tube. 
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For example, doubly charged mercury ions require one half the voltage 
for acceleration in synchronism up through the tubes, which is seen to 
be the case in figure 2, curve B. The primary transformer voltages for 
the two peaks were 47 volts and 96 volts, respectively. The maximum 
ion current when 118 meters oscillations were used occurred for a pri- 
mary voltage of 56 volts corresponding to a high frequency voltage on this 
scale of 3620 volts. The computed voltage for this wave-length is 3220 
volts, which is represented on the diagram of figure 2 as a dotted line. The 
discrepancy is not large and undoubtedly is due to the different behavior 
of the oscillator at the two frequencies. 

The wave-length of the oscillations was next reduced to 68 meters which 
required a high frequency voltage of 9750 volts on the accelerators to 
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produce synchronism of the ions. As was expected, it was necessary to 
raise the primary voltage on the oscillator transformer to 120 volts in 
order to accelerate the ions through to the collector. In all the observa- 
tions of ions arriving at the collector in these experiments, deflecting volt- 
ages were maintained on the deflecting plates thereby cutting out slow 
ions in the stream. A deflecting voltage of approximately 600 volts re- 
duced the 118-meter ion current to a small value indicating that some of the 
ions had energies of about 60,000 or 70,000 volt-electrons. The whole 
available deflecting d. c. potential of 1200 volts was not able to reduce the 
85 meter and 68 meter ion currents to any great extent indicating that in 
these cases the ions had energies in excess of 120,000 volts. Indeed, all 
observations of ion currents produced by 68 meter oscillations were made 
with the full 1200 volts on the deflecting plates. That 1200 volts should 
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fail to reduce the ion current in these two cases is to be expected, for the 
computed energies of the ions are 131,000 and 205,000 volt-electrons, re- 
spectively. There can be little doubt that such high speed ions were pro- 
duced. 

No particular efforts were made in these experiments to produce large 
ion currents. As is shown in figure 2, they were of the order of magnitude 
of 10-!° ampere. Unquestionably the magnitude of the currents can be 
greatly inereased by better design of the canal ray source and enlarging 
the diameter of the accelerators. Accelerating and retarding potentials 
between the collector and surrounding grid showed that the measured 
currents consisted largely of secondary electrons ejected from the col- 
lector plate by the high speed ions. Rough observations, using the 
205,000-volt ions, indicated that several secondary electrons were ejected 
by each impinging ion. 

An attempt was made to apply about 15,000 volts to the accelerators 
at a correspondingly higher frequency, but it was found that the discharges 
occurred between the initial accelerating tubes which were close together. 
An effort was next made to increase the frequency and observe doubly 
charged ions coming through the tubes with 10,000 volts on the accelera- 
tors, thereby yielding ions with over 400,000 volt-electrons energy. But 
before this was accomplished the tube cracked and the effort was abandoned 
because it was evident that much more interesting results could be ob- 
tained by construction of another larger tube of better design. This is 
being done at the present time. 

It is of interest to indicate to what equivalent voltages canal rays can 
be accelerated by this method. Twenty-five thousand volt high fre- 
quency oscillations at a wave-length of 43 meters applied to a tube con- 
taining 50 accelerators having an over-all length of 230 cm. is an entirely 
practicable laboratory arrangement which would yield 1,250,000-volt, 
singly charged mercury ions; 2,500,000-volt doubly charged ions would be 
obtainable from the same arrangement using 30 meters oscillations at the 
same voltage. Moreover, it appears quite feasible with the aid of water- 
cooled power oscillator tubes to impress 50,000 volts on the accelerators 
and thereby result in the production of 2,500,000-volt singly charged ions. 
Naturally because of the greater speeds involved, longer accelerator tubes 
would be required for lighter ions and hence greater difficulties would 
be encountered in accelerating them up to these extremely high energy 
values. 

Thus, these initial experiments have demonstrated that high speed 
canal rays can be produced readily without the use of high potentials. 
Because the high speed ions are obtainable with quite modest laboratory 
equipment, the interesting and important studies of the properties of such 
high speed canal rays should receive wide attention. 
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ON THE INTERPRETATION OF DIRAC’S a MATRICES 
By G. BReEIT 
DEPARTMENT OF PuHysics, NEw YORK UNIVERSITY 


Communicated December 5, 1930 


It is known that in a certain sense the matrices a1, a2, a3 used by Dirac 
in his relativistic equation have the significance of velocities. It has 
been recently shown by Schroedinger! that in a certain sense the motion 
of a free electron can be decomposed into two parts. The part xx repre- 
sents the usual uniform motion of translation while éx is a superposed 
motion of a vibratory character. Although Schroedinger’s paper makes 
it clear just how the ax may be thought of as instantaneous velocities 
it seems appropriate to point out some of the characteristic features of 
this interpretation. We wish to bring out that: (1) it is possible to have 
solutions of the general relativistic one electron problem which correspond 
to one of the ax having definitely a given value say +1 or (—1) at one 
particular time and which imply that the velocity is —c (or +c) in the 
direction xx, (2) such solutions give a definite value of a ag only at one 
time, (3) such solutions for a free electron involve in general a finite 
probability of states of negative energy, (4) in the special case of the 
momentum , becoming infinite the probability of states of negative 
energy may become zero. 


In the notation of Dirac —* = —c ax and in order that a, = 1 we must 


dt 
have yi = 4, v2 = 3. The four Dirac equations are easily expressed 
in terms of 


meEHEh—Ww w= — v3 =v thy xi = ve ts (1) 


and are 
(bo — pi)xi + (mc — ipe)xs + psxs = 0 (2.1) 
(po + pi)xs + (mc + tp2)xi — pax = 0 (2.2) 
(po + pi)xa + (mc — tp2)xe + psx = 0 (2.3) 
(bo — pi)xe + (mc + ipe)xs — paxs = 0 (2.4) 
where po = — = a + = Ay Pr = = a + : Ax (2.5) 
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and the A, form the four potential. On account of (1) 


4 


Ln Ke" Me 


1 


4 
2 ey VV, (2.6) 


Then equations (2.2), (2.3) become 


(bo + pi)xs = (bo + Pixs = 0. (3) 


eliminating Ao, A, 


re) tas re) rn po = re) me mi 
(2 2 Vix xa) = (3 2 Vu xs) = 0. 


Ox: 


even though = ~ 0, hence using (2.6) 


ra) a 


principal axis at that instant. 





For a, = 1 we must have x1 = x2 = 0 for all (x1, x2, x3) and given ¢ = hp. 


Using (2.5) we have on considering the complex conjugate of (3) and 


; phe o oO ee Sew iets 
Since xi = x2 = 0, wealso have ( % 2) x n= (2 2 x2 = 0, 


Equation (4) is true at the particular ¢ = & and all (1, x2, x3). Combined 
with (2.6) it shows that for ¢ = & the charge density moves with the velocity 
c in the direction —x,. The rotational invariance of Dirac’s equation 
assures us that this result is independent of the choice of axes. We see, 
therefore, that it is possible to have solutions of Dirac’s equation which 
correspond to the velocity being c at a given instant in a given direction 
(l, le, 13). These solutions mean formally that la; + haz + Jas is on a 


We have used so far equations (2.2) and (2.3). Equations (2.1) and 
(2.4) determine the rates of change of x; and x2 at the time #. This rate 
of change may be shown to be distinct from zero so that it is impossible 
to have one of the ax on its principal axes permanently. In fact, if 


2 = ous = 0, and x1 = x2 = 0, equations (2.1), (2.4) become on adding 
them to each other and also on subtracting: 
mcg, + (ip, + ps)e2 = 0 (5) 
meg, + (ip, — ps)yi = 0 
where 2 = XE— Xs» G1 = Xi t Xs 


The vector potentials may be eliminated from equations (5) and their 
complex conjugates.. It then follows that 
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fe) . od 
(2rmc/h)(gr*e: + 2*¢2) = (- +? 2) (¢i*¢2) = 


(- oni 2 Vere"). 6) 


Integrating both sides over the x2, x3 plane we obtain zero on the right, when- 
ever ¢1, ¢2 vanish at infinity to a sufficiently high order. In order that 
the integral of the left side should have a finite contribution from the 
infinite region ¢:*¢: + g2*~2 must vanish at least as fast as 1/p? where 
p? = x; +43. Under these conditions the integral of the right side vanishes 
and hence 


ai=e=0 (7) 


everywhere. The above proof is not quite rigorous because a function 
may vanish as 1/p? and faster and yet its derivative may not vanish so 
that the integrals of the right side of (6) may diverge. This has been 
pointed out to the writer by Prof. T. H. Gronwall who has been also kind 
enough to supply a mathematically rigorous proof applying with great 
generality to the case of vanishing vector potential. Since physically 
we cannot admit solutions implying divergence of the integrals of the 
right side of (6) we may say that no admissible solutions of Dirac’s equations 
exist which correspond to one a, being permanently on one of its principal 
axes.” 

We thus conclude that from the purely formal point of view, i.e., taking 
Dirac’s equation and using it according to the rules of quantum mechanics 
the matrices ax have a general meaning of instantaneous velocities in 
the sense of equation (4), that it is possible to have solutions for which 
one ax is instantaneously on a principal axis, but that it is impossible for 
the ax to remain on a principal axis. The only definite value of a velocity 
component is therefore +c but this definite value exists only instan- 
taneously. 

We now analyze the solutions xi = x2 = 0 (¢ = #) for a free electron. 
In order that such solutions should exist we must have a special type of 
Fourier analysis of the solutions. Every Fourier component has the form 


Xu = a, (p) exp [(2e t/h)(—Et + pier + pove + psxs)]. (8) 


We substitute this into (2) and obtain 
(E/c + pias 
(E/c + pr)ds 
In order that at ¢ = 0, x1 = x2 == 0 we must have 


ai(p) + di(p) = ac(p) + bo(p) = 0 (9) 


—(mc + ipe)ar + paste (8’) 
— psi — (mc — tpr)dr. 
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where 0b, refer to coefficients of exponentials with opposite signs of the 
energy E. The probability of an energy | E| is proportional to 


4 
> a, a, = (a, a, +a, a2). 2|E|/(|E| + chy) (10) 
1 
as becomes clear on using (8’), and the probability of the energy ~ E | is 


similarly 
4 


dX 5) b, = (bj b: + b3 be). 2|E|/(E| — cp). (11) 


1 


The probability P(+) of the energy +| E| is related to the probability 
P(—) of the energy —|E|, by 


ot he? (~). 12) 
|E| + ch, ( ( 


The energy | E| is connected with the momenta by 





|E| = + Vm? ct + c? (p2 + p2 + p?). (13) 


If p; is large and negative P(+)/P(—) is small on account of (12). For 
moderate p;, this ratio is of the order of 1. Thus if we wish to have a, = 1 
even instantaneously we must in general use states involving appreciable 
probabilities of negative energies. Only if the momentum is made infinite 
in the direction —x, can these states give a vanishingly small probability 
P(—). In this case component %, of Schroedinger has a velocity —c. 

We see therefore that even though formally the —cax are velocities, 
the absence of negative energies in the physical world and the apparently 
false prediction of these energies by Dirac’s equation necessitate con- 
sidering only those experimental conditions for the measurement of the 
ax which correspond also to a definitely infinite momentum in the same di- 
rection as the velocity. 


1E. Schroedinger, Zitzungsberichte preuss. Akad., 24, p. 418, 1930. 

2 Purely formal solutions becoming infinite exponentially at infinity may be con- 
structed, however. Such solutions have no place in the general structure of quantum 
theory. If desired, one could interpret them as meaning that an electron at infinity 
(in the y direction) moves permanently with a velocity c in the perpendicular x direction. 
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